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Death to Kappa

Death to Kappa: Birth of Quantity Disagreement
and Allocation Disagreement for Accuracy

Assessment

ROBERT GILMORE PONTIUS JR*f and MARCO MILLONES+}
TSchool of Geography, Clark University, Worcester MA, USA

Corresponding author. Email address: rpontius @clarku.edu

Abstract

The family of Kappa indices of agreement claim to compare a map’s observed
classification accuracy relative to the expected accuracy of baseline maps that can have
two types of randomness: 1) random distribution of the quantity of each category, and 2)
random spatial allocation of the categories. Use of the Kappa indices has become part of
the culture in remote sensing and other fields. This article examines five different Kappa
indices, some of which were derived by the first author in 2000. We expose the indices’
properties mathematically and illustrate their limitations graphically, with emphasis on
Kappa’s use of randomness as a baseline, and the often ignored conversion from an
observed sample matrix to the estimated population matrix. This article concludes that
these Kappa indices are useless, misleading, and/or flawed for the practical applications
in remote sensing that we have seen. After more than a decade of working with these
indices, we recommend that the profession abandoned the use of Kappa indices for

purposes of accuracy assessment and map comparison, and instead summarize the
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crosstabulation matrix with two much simpler summary parameters: quantity
disagreement and allocation disagreement. This article shows how to compute these two

parameters using examples taken from peer-reviewed literature.

Keywords

analysis, classification, error, kappa, matrix, statistics, thematic mapping.
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Death to Kappa

1 Introduction

Proportion of observations classified correctly is perhaps the most commonly used
measurement to compare two different expressions of a set of categories, for example to
compare land cover categories expressed in a map and to reference data collected for the
map’s accuracy assessment. There are good reasons for the popularity of the proportion
correct measurement. Proportion correct is simple to compute, easy to understand, and
helpful to interpret. Nevertheless, it has become customary in the remote sensing
literature to report the Kappa index of agreement along with proportion correct,
especially for purposes of accuracy assessment, since Kappa also compares two maps
that show a set of categories. Kappa is usually attributed to Cohen (1960), but Kappa has
been derived independently by others and citations go back many years (Galton 1892,
Goodman and Kruskal 1954, Scott 1955). It became popularized in the field of remote
sensing and map comparison by Congalton (1981), Congalton et al. (1983), Monserud
and Leemans (1992), Congalton and Green (1999), Smits et al. (1999), and Wilkinson
(2005), to name a few. In particular, Congalton and Green (2009) state that “Kappa
analysis has become a standard component of most every accuracy assessment
(Congalton et al., 1983; Rosenfield and Fitzaptrick-Linz, 1986; Hudson and Ramm,
1987; Congalton 1991) and is considered a required component of most image analysis
software packages that include accuracy assessment procedures.” Indeed, Kappa is
published frequently and has been incorporated into many software packages (Eastman

2009, Erdas Inc 2008, Visser and de Nijs 2006).
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Death to Kappa

The use of Kappa continues to be pervasive in spite of harsh criticisms for
decades from many authors (Brennan and Prediger 1981, Aickin 1990, Foody 1992, Ma
and Redmond 1995, Stehman 1997, Stehman and Czaplewski 1998, Turk 2002, Jung
2003, Foody 2002, Di Eugenio and Glass 2004, Foody 2004, Allouche et al. 2006, Foody
2008). Congalton and Green (2009) acknowledge some of these criticisms, but they
report that Kappa “must still be considered a vital accuracy assessment measure”. If
Kappa were to reveal information that is different from proportion correct in a manner
that has implications concerning practical decisions about image classification, then it
would be vital to report both proportion correct and Kappa; however, Kappa does not
reveal such information. We do not know of any cases where the proportion correct was
interpreted, and then the interpretation was changed due to the calculation of Kappa. In
the cases that we have seen, Kappa gives information that is redundant or misleading for
practical decision making.

Pontius (2000) exposed some of the conceptual problems with the standard Kappa
described above and proposed a suite of variations on Kappa in an attempt to remedy the
flaws of the standard Kappa. After a decade of working with these variations, we have
found that they too posses many of the same flaws as the original standard Kappa. The
standard Kappa and its variants are frequently complicated to compute, difficult to
understand, and unhelpful to interpret. This paper exposes problems with the standard
Kappa and its variations. It also recommends that our profession replace these indices
with a more useful and simpler approach that focuses on two components of

disagreement between maps in terms of the quantity and spatial allocation of the
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Death to Kappa

categories. We hope this paper marks the end of the use of Kappa and the beginning of

the use of these two components: quantity disagreement and allocation disagreement.

2 Methods

2.1 Maps to show concepts

We illustrate our points by examining the maps in figure 1. Each map consists of nine
pixels and each pixel belongs to either the white category denoted by O or the black
category denoted by 1. The rectangle with the abbreviation “refer.” in the bottom row
indicates the reference map, which we compare to all of the other maps, called the
comparison maps. The comparison maps are arranged from left to right in order of the
quantity of the black pixels they contain. We can think of this quantity as the amount of
black ink used to print the map. We introduce this ink analogy because the analogy is
helpful to explain the concepts of quantity disagreement and allocation disagreement. All
the maps within a single column contain an identical quantity of black pixels, indicated
by the number at the bottom of the column. Within a column, the order of the maps from
bottom to top matches the order of the amount of disagreement. Specifically, the maps in
the bottom row show an optimal spatial allocation that minimizes disagreement with the
reference map, given the quantity of black pixels. While the maps at the top row of each
column show a spatial allocation that maximizes disagreement with the reference map,
given the quantity of black pixels, i.e., given the amount of black ink in the map. The
concepts of quantity and allocation have been expressed by different names in other

literature. In the field of landscape ecology, the word “composition” describes the
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quantity of each category, and the word “configuration” describes the allocation of the
categories in terms of spatial pattern (Gergel and Turner 2002, Remmel 2009). In figure
1, each different column has a unique composition of black and white, while there are
various configurations within each column. There are a few other possible configurations
of black and white to construct the comparison maps in addition to those shown in figure
1; however we do not show those configurations because figure 1 gives a set of
comparison maps that demonstrate all possible combinations of quantity disagreement
and allocation disagreement.

[Insert figure 1 here]

We define quantity disagreement as the amount of difference between the
reference map and a comparison map that is due to the less than perfect match in the
proportions of the categories. For example, the reference map in figure 1 has three black
pixels and six white pixels. The three comparison maps above the reference map in figure
1 have zero quantity disagreement with the reference map because they also have three
black pixels and six white pixels. Each comparison map in a different column than the
reference map has positive quantity disagreement, which is equal to the absolute value of
the comparison map’s number of black pixels minus three. We can think of quantity
disagreement as the difference in the amount of black ink used to produce the reference
map versus the amount of black ink used to produce the comparison map. This ink
analogy extends to a multi-category case, where each category is a different color of ink.

We define allocation disagreement as the amount of difference between the

reference map and a comparison map that is due to the less than optimal match in the
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spatial allocation of the categories, given the proportions of the categories in the
reference and comparison maps. Again, the ink analogy is helpful since we can envision
various ways in which the ink can be allocated spatially within the comparison map,
where some allocations have a better match with the reference map than other allocations.
For example, each column of comparison maps in figure 1 are ordered from bottom to top
in terms of increasing allocation disagreement. Allocation disagreement is always an
even number of pixels, because allocation disagreement always occurs in pairs of
misallocated pixels. Each pair consists of one pixel of omission for a particular category
and one pixel of commission for the same category. A pixel is called omission for the
black category when the pixel is black in the reference map and not black in the
comparison map. A pixel is called commission for the black category when the pixel is
black in the comparison map and not black in the reference map. If a comparison map has
pixels of both omission and commission for a single category, then it is possible to
envision swapping the positions of the omitted and committed pixels within the
comparison map so that the rearranged allocation has a better match with the reference
map. If it is possible to perform such swapping, then there exists a positive amount of
allocation disagreement in the original comparison map (Alo and Pontius 2008). Previous
literature calls this type of disagreement “location disagreement”, but we have found that
scientists frequently misinterpret this term by calling any disagreement in a map “location
disagreement”. Therefore, we recommend that the profession begin using the term
“allocation disagreement” instead of “location disagreement”, as this paper does. Figure 1

highlights a particular comparison map that this article uses to explain the concepts in
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depth. This particular comparison map has one pixel of quantity disagreement and two

pixels of allocation disagreement for a total disagreement of three pixels.

2.2 Disagreement space

Figure 2 plots the total disagreement versus the quantity of the black category for the
maps in figure 1. Circles denote the maps in the bottom row of figure 1 that have zero
allocation disagreement, such that the total disagreement is attributable entirely to the less
than perfect match between the reference map and the comparison map in terms of the
quantity of black and white pixels. Quantity disagreement is the name for this type of less
than perfect match, and it is measured as the distance between the horizontal axis and the
diagonally-oriented boundary of quantity disagreement. For all plotted points above the
quantity disagreement boundary, the corresponding comparison map contains a positive
amount of allocation disagreement. The total disagreement is the sum of the quantity
disagreement and the allocation disagreement. In other words, the allocation
disagreement is the total disagreement minus the quantity disagreement, as shown in
figure 2 for the comparison map highlighted in figure 1. Triangles in figure 2 denote the
maps in the top of each column in figure 1, which have the maximum possible allocation
disagreement. It is mathematically impossible for any maps to fall outside the rectangle
defined by the quantity disagreement and maximum disagreement boundaries. All of the
diamonds denote maps that have two pixels of allocation disagreement, and all of the
squares denote maps that have four pixels of allocation disagreement. The dashed line in

figure 2 shows the statistical expectation of disagreement for a comparison map where
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the spatial allocation is random, given the quantity of black pixels. The central asterisk
shows the statistical expectation of disagreement for a comparison map where both
quantity and allocation of the pixels in the comparison map are random.

[Insert figure 2 here]

2.3 Mathematical notation for an unbiased matrix

A crosstabulation matrix is the mathematical foundation of proportion correct and the
various Kappa indices. The crosstabulation matrix has many other names, including
confusion matrix, error matrix, and contingency table. It is essential that the matrix gives
unbiased information concerning the entire study area in order to derive unbiased
summary statistics. If reference data are available for all pixels, as is the case in figure 1,
then the matrix gives unbiased information concerning the relationship between the
reference map and the comparison map, hence the matrix is analyzed directly. However,
reference information for an entire study area frequently does not exist in practice due to
time limitations, financial constraints, inaccessibility, or unavailability. In those cases, a
sampling strategy is typically implemented to collect a sample of reference data from the
landscape (Stehman and Czaplewski 1998, Stehman 2009). This subsection gives the
mathematical notation for the popular stratified sampling design, where the strata are the
categories in the comparison map. We present the mathematics to convert the observed
sample matrix into an estimated unbiased population matrix, because we have found that

this crucial step is frequently ignored in practice.
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In our notation, the number of categories is J, so the number of strata is also J in a
typical stratified sampling design. Each category in the comparison map is denoted by an
index i, which ranges from 1 to J. The number of pixels in each stratum is N;. Random
selection of the pixels within each stratum assures that the sample from each stratum is
representative of that stratum. Reference information is collected for each observation in
the sample. Each observation is tallied based on its category i in the comparison map and
its category j in the reference information. The number of such observations is summed
to form the entry n;; in row i and column j of the sample matrix.

Table 1 gives the matrix for this stratified design. The information within each
row is representative of that particular stratum because sampling is random within the
stratum, but it does not make sense to compute summary statistics within a column by
summing tallies from different rows in table 1, because the sampling intensity might be
different in each row. In particular, the proportion correct and producer’s accuracies are
likely to be biased when they are computed directly from the entries in the sample matrix
of table 1. It is necessary to convert the sample matrix into a matrix that represents the
entire study area in order to compute unbiased summary statistics. Table 2 accomplishes
this goal by applying equation 1 to express each entry p;; as the estimated proportion of
the study area that is category i in the comparison map and category j in the reference
landscape. Thus table 2 gives unbiased estimates of the proportions for the entire study
area, so table 2 can be used to compute unbiased summary statistics, including proportion
correct, the various Kappa indices, omission error, commission error, producer’s

accuracy, user’s accuracy, quantity disagreement, and allocation disagreement.
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L. o= nij ( Nj ) tl n 1
pl] - ijlni]_ Z{=1Ni equa 0

[Insert table 1 here]

[Insert table 2 here]

2.4 Parameters to summarize the population matrix

There are numerous possible parameters to summarize the information in the population
matrix (Ma and Redmond 1995, Fielding and Bell 1997, Stehman 1997, Liu et al. 2007).
This article focuses on the Kappa indices of agreement and two simpler measures:
quantity disagreement and allocation disagreement (Pontius 2000, Pontius 2002, Pontius
and Suedmeyer 2004, Pontius et al. 2007). All the calculations derive directly from the
proportions in table 2. Equation 2 computes the quantity disagreement g, for an arbitrary
category g, since the first summation in equation 2 is the proportion of category g in the
reference map and the second summation is the proportion of category g in the
comparison map. Equation 3 computes the overall quantity disagreement Q incorporating
all J categories. Equation 3 must divide the summation of the category-level quantity
disagreements by two, because an overestimation in one category is always accompanied
by an underestimation in another category, so the summation double counts the overall
quantity disagreement. For the example in figure 1, the overall quantity disagreement is
equal to the quantity disagreement for black plus the quantity disagreement for white,
then divided by two. Equation 4 computes the allocation disagreement a, for an arbitrary
category g, since the first argument within the minimum function is the omission of

category g and the second argument is the commission of category g. The multiplication
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by two and the minimum function are necessary in equation 4, because allocation
disagreement for category g comes in pairs, where commission of g is paired with
omission of g, so the pairing is limited by the smaller of commission and omission
(Pontius et al. 2004). Equation 5 gives the overall allocation disagreement A by summing
the category-level allocation disagreements. Equation 5 divides the summation by two
because the summation double counts the overall allocation difference, just as the
summation of equation 3 double counts the overall quantity difference. Equation 6
computes the proportion correct C. Equation 7 shows how the total disagreement D is the
sum of the overall quantity disagreement and overall allocation disagreement. The

appendix gives a mathematical proof of equation 7.

dg = |(Z{=1 Dig) — (Z§=1 Pgi)l equation 2
Q= Z]Fqug equation 3
ag = Zmin[(Z{zl pig) — Pgg (Z§=1 ng) - ng] equation 4
A= Zéz—lag equation 5
¢= Z§=1 Pjj equation 6
D=1-C=Q+A4 equation 7

Equations 8 — 10 begin to construct the calculations to compute the Kappa
indices. Equation 8 gives the expected agreement e, for category g, assuming random
spatial allocation of category g in the comparison map, given the proportions of category
g in the reference and comparison maps. Equation 9 gives the overall expected agreement

E assuming random spatial allocation of all categories in the comparison map, given the
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proportions of those categories in the reference and comparison maps. Equation 9 defines
E for convenience because E is eventually used in the equations for some of the Kappa
indices. Equation 10 defines the overall expected disagreement R as equal to 1 — E, so we
can express the Kappa indices as ratios of disagreement, as opposed to ratios of

agreement, which will be helpful when we explain the figures in the results section.

€g = (Z{=1 Pig)(2§=1 Pg j) equation 8
E= Z]g=1 €g equation 9
R=1-E equation 10

Equations 11-15 define five types of Kappa indices. Each Kappa is an index that
attempts to describe the observed agreement between the comparison map and the
reference map on a scale where one means that the agreement is perfect and zero means
that the observed agreement is equivalent to the statistically expected random agreement.
Some Kappa indices accomplish this goal better than others. Equation 11 defines the
standard Kappa xundara first as a ratio of agreement using C and E, then as a ratio of
disagreement using R and D. The standard Kappa can be initially appealing to many
authors because Kappa is usually defined in the literature as an index of agreement that
accounts for the agreement due to chance, meaning that Kappa compares the observed
accuracy of the classification to the expected accuracy of a classification that is generated
randomly. However, this definition is only partially true, and this imprecise definition has
caused tremendous confusion in the profession. A more complete description is that the
standard Kappa is an index of agreement that attempts to account for the expected

agreement due to random spatial reallocation of the categories in the comparison map,
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given the proportions of the categories in the comparison and reference maps, regardless
of the size of the quantity disagreement. Equation 12 defines Kappa for no information
Kno, Which is identical to xgandard, €Xxcept that 1/J is substituted for E. The motivation to
derive Kappa for no information is that 1/J is the statistically expected overall agreement
when both the quantity and allocation of categories in the comparison map are selected
randomly (Brennan and Prediger 1981, Foody 1992). Equation 13 defines Kappa for
allocation xjiocation, Which is identical to xgandard, €Xcept that (1-Q) is substituted for 1 in
the denominator. The motivation to derive Kajocation 1S to have an index of pure allocation,
where one indicates optimal spatial allocation as constrained by the observed proportions
of the categories, and zero indicates that the observed overall agreement is equal the
agreement expected under random spatial reallocation within the comparison map given
the proportions of the categories in the comparison and reference maps (Brennan and
Prediger 1981, Pontius 2000). Equation 14 defines ks, Which is identical in format to
Kstandard> €Xcept 1-Q is substituted for C (Hagen 2002). The name xpisio reflects that wpigeo 18
a function of the histogram of the matrix’s marginal totals, i.e., the proportions of the
categories. The derivation of ks, represents an effort to separate the concepts of quantity
and allocation, since xpis,o multiplied by Kajocation €quals Kgandara- Equation 15 defines
Kappa for quantity xquanity in a format similar to the other Kappa indices, meaning that
Kquantity 18 a ratio of differences. However, the terms that generate the differences are
complex, as shown in equations 16 and 17 and as explained in Pontius (2000). The
original motivation to derive xguanity Was to have an index of pure quantity, analogous to

how Kjiocation describes that accuracy of the allocation, in the context of land change
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modeling. Table 3 summarizes conceptually the meaning of each ratio for each Kappa

index in the context of figures 2-9.

_C-E _ (1-Q-A)-(1-R) _ R—(Q+A) _ R-D :
Kstandard = 1-E 1-(1-R) = R =z equation 11

_c-@a/p _ a-e-4)-1/) — a-1/p-(Q+4) _ (1-1/))-D

equation 12

o/ (a-1/) a-1/p  @a-1/)
_ C-E _ (1-Q-A)-(1-R) _ R—(Q+A) _ R-D )
Kallocation = 1-0)-E  (1-Q-0-R) _ _R-0 _ R-0 equation 13

_(0-9-E _ (1-9-(1-R) _ R-Q .
Khisto = —7_ 7 = --R) _ =& equation 14

_Cc-Z ion 1
Kquantity = 7 equation 15

Y = {Z§=1 [(Z{=1 pij)z]} + Kallocation {1 - Z§=1 [(Z{=1 pij)z]} equation 16

Z= {1/]} + Kallocation{2§=1 min[(l/])’ Z{=1 pij] - (1/])} equation 17

[Insert table 3 here]

2.5 Application to published matrices

All the parameters in this article derive entirely from the crosstabulation matrix, so we
can compute the statistics easily for cases where authors publish their matrices. We
compute the two components of disagreement and the standard Kappa index of
agreement for five examples taken from two articles in International Journal of Remote
Sensing to show how the concepts work in practice.

Ruelland et al. (2008) analyzed six categories in West Africa for three points in
time: 1975, 1985, and 2000. The comparison maps derive from Landsat data and a

recursive thresholding algorithm that seeks to maximize overall accuracy and Kgandard-
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The reference data consist of control points that were selected based on practical criteria,
such as being invariant since the 1970s and being close to trails. The paper does not
contain sufficient information to understand whether the sample is representative of the
population, and the authors preformed no conversion from the observed sample matrices
to estimated population matrices. The paper does not report any Kappa indices. The paper
reports percent agreement in terms that imply that the overall % of the reference data that
disagrees with the map of 1975, 1985, and 2000 is respectively 24, 28, and 21. The paper
then analyzes the net quantity differences among the maps’ categories over the three
years, and reports that there is 4.5 % net quantity difference between the map of 1985 and
2000. Thus the reported overall error in each map is about five times larger than the size
of the reported difference between the maps. The paper states “results indicate relatively
good agreement between the classifications and the field observations”, but the paper
never defines a criterion for relatively good. Our results section below reveals the insight
that is possible when one examines the two components of disagreement.

Wundrum and Loffler (2008) analyze five categories in the Norwegian mountains
using two matrices that derive from a supervised method and an unsupervised method of
classification. The paper reports that 256 reference data points were collected randomly,
in which case the summary statistics that derive from the sample matrices are unbiased.
The paper reports Kgundara fOr each method, and interprets xguandara by saying that the value
is higher for the unsupervised method, which the reported overall proportion correct
already reveals. The paper’s tables show 34 % error for the supervised classification and

23 % error for the unsupervised classification, and the paper reports “The results of
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supervised and unsupervised vegetation classification were not consistently good”, but
the paper never defines a quantitative criterion for not consistently good. The results
section compares Wundrum and Loéffler (2008) to Ruelland et al. (2008) with respect to

components of disagreement and «andard-

3 Results

3.1 Fundamental Concepts

We analyze figure 1 by plotting results in a space similar to figure 2. In figures 3-9, the
vertical axis is the proportion disagreement between the comparison map and the
reference map, the horizontal axis is the proportion black in the comparison map, and
each number plotted in the space is an index’s value for a particular comparison map. Q
from equation 3 defines the quantity disagreement boundary, R from equation 10 defines
the random allocation line, and D from equation 4 defines the vertical coordinate for the
plotted value for each comparison map. The value at coordinates (0.22, 0.33) is the
highlighted comparison map from figure 1, which we use to help to explain the results.
Figure 3 shows the quantity disagreement Q plotted in this space. There is a column of
zeros where the quantity in the black category is one third, because the reference map has
three black pixels among its nine pixels. The numbers within each column are identical in
figure 3 because the quantity disagreement is dictated completely by the proportion of the
black category in each comparison map. Figure 4 shows the allocation disagreement A,
which measures the distance above the quantity disagreement boundary. Quantity

disagreement and allocation disagreement sum to the total disagreement D.
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[Insert figures 3-4 here]

Figure 5 shows results for xgandara. Values are positive below the random
allocation line, zero on the line, and negative above the line, by design of the formula for
Kstandard- Lhe highlighted comparison map in figure 1 has xgundgara = 0.18, which is a ratio
with a numerator of 0.41 — 0.33 and a denominator of 0.41, according to equation 11 and
the vertical intervals between the left ends of the braces in figure 5. A single row of
numbers in figure 5 contains different values for xandard, Which indicates that xangara does
not give the same result for comparison maps that have the same amount of total
disagreement with the reference map. For example, xgandara ranges from -0.36 to 0.12,
when total disagreement is 0.56, i.e., when five of the nine pixels disagree. This range
shows how xndara can indicate allocation disagreement more than quantity disagreement.
The value of -0.36 shows how xngara does not reward for small quantity disagreement
and penalizes strongly for allocation disagreement, and the 0.12 shows how xgndara does
not penalize strongly for large quantity disagreement and rewards for small allocation
disagreement (Pontius 2000).

[Insert figure 5 here]

Figure 6 gives x,,, which indicates where the comparison maps’ total
disagreement is relative to 1/J, which is 0.5 in the case study that has two categories. If
disagreement is zero, then rx;,, is one; if disagreement is less than 0.5, then x,, is positive;
if disagreement is greater than 0.5, then x;,, is negative. xp, has the same value within any
given row of numbers in figure 6, because x,, is a linear function of total disagreement.

The highlighted comparison map has x,, = 0.33, which is a ratio with a numerator of 0.50
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—0.33 and a denominator of 0.50, according to equation 12 and the vertical intervals
within the braces of figure 6.

[Insert figure 6 here]

Figure 7 gives Kajiocation- 1f allocation disagreement is zero, then ,jiocation 1S ONE.
Kallocation 1S positive below the random allocation line, zero on the random allocation line,
and negative above the random allocation line. When the proportion black is zero or one,
then xap0cation 18 Undefined, because the concept of allocation has no meaning when one
category occupies the entire map. The highlighted comparison map has #,jiocation = 0.25,
which is a ratio with a numerator of 0.41 — 0.33 and a denominator of 0.41, according to
equation 13 and the braces in figure 7.

[Insert figure 7 here]

Figure 8 gives results for xhiso. The values are identical within each individual
column, because xpisto 1S @ function exclusively of the quantity disagreement boundary Q
and the random allocation line R. Furthermore R is a function of only the quantity of each
category in the reference and comparison maps. kpisto 1S One when quantity disagreement
is zero, and kg 1S Zero when the comparison map consists of entirely one category. xhisio
is never negative, so kpisto does not have the characteristic that negative values indicate
worse than random agreement. xpigo 1S NOt equivalent to quantity disagreement, because
Knisto treats an overestimation of the quantity of a category differently than an
underestimation. Consider the row of values where proportion disagreement is 0.33.
When the comparison map has three fewer black pixels than the reference map, xhisto 1S

zero; but when the comparison map as three more black pixels than the reference map,
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then xpigo 15 0.4. The highlighted comparison map has xpiso = 0.73, which is a ratio with a
numerator of 0.41 —0.11 and a denominator of 0.41, according to equation 13 and figure
8.

[Insert figure 8 here]

Figure 9 gives Kquantity- A single column contains different values, which indicates
that xquaniity 1S N0t a function exclusively of the quantity disagreement. For example,
Kquantity Tanges from -0.25 to 0.27 when proportion black in the comparison map is 0.22,
i.e., when there is one less black pixel in the comparison map than in the reference map.
When quantity disagreement iS Zero, Kquanity fanges from 0 to 1. xquansity 1 undefined when
the comparison map is either all black or all white, in spite of the fact that quantity
disagreement has a clear interpretation at those points. These counterintuitive
characteristics of xquanity relate in part to the fact that xguanity Was originally derived to
inform predictive land change modeling, and not for simple map comparison or accuracy
assessment (Pontius 2000). kquanity attempts to assess how accurate the specification of
quantity is in the comparison map, while taking into consideration a land change model’s
ability to predict the spatial allocation. The highlighted comparison map has xquansity =
0.73, which is a ratio with a numerator of 0.67 — 0.58 and a denominator of 0.89 — 0.58,
according to equation 14 and figure 9.

[Insert figure 9 here]
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3.2 Applications to peer-reviewed literature

Figure 10 shows the two components of disagreement and «ndara for five
matrices in peer-reviewed literature. The two components of disagreement are stacked to
show how they sum to the total disagreement, thus the figure conveys information about
proportion correct, since proportion correct is 1 minus the total proportion disagreement.

The results for Ruelland et al. (2008) show that the relative ranking of xndard 1S
identical to the relative ranking of proportion correct among their three matrices, which
demonstrates how xgandara frequently conveys information that is redundant with
proportion correct. Each bar for Ruelland et al. (2008) also demonstrates that quantity
disagreement accounts for less than a quarter of the overall disagreement. This is
important because one of the main purposes of their research is to estimate the net
quantity of land cover change among the three points in time, in which case allocation
disagreement is much less important than quantity disagreement. The separation of the
overall disagreement into components of quantity and allocation reveals that their maps
are actually much more accurate for their particular purpose than implied by the reported
overall errors of more than 20 %. The xangara indices do not offer this type of insight.

Figure 10 demonstrates some additional characteristics of xgngara described
above. Specifically, the Ruelland et al. (2008) application to 1985 has 25 % total
disagreement and the Wundram and Loffler (2008) application to the unsupervised case
has 23 % total disagreement, while ndara for both is 0.65. xgangara fails to reveal that the
Wundram and Loffler (2008) application to unsupervised classification has more quantity

disagreement than the Ruelland et al. (2008) application to 1985. Quantity disagreement
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accounts for more than a quarter of the total disagreement within the Wundram and
Loffler (2008) application to unsupervised classification, which is important to know for
practical applications, but xgandara 1S designed neither to penalize substantially for large
quantity disagreement nor to reward substantially for small quantity disagreement.

[Insert figure 10 here]

4 Discussion

4.1 Reasons to abandon Kappa

We have revealed several detailed reasons why it is more helpful to summarize the
crosstabulation matrix in terms of quantity disagreement and allocation disagreement, as
opposed to proportion correct or the various Kappa indices. This discussion section
provides three main overarching rationales.

First, each Kappa index is a ratio, which can introduce problems in calculation
and interpretation. If the denominator is zero, then the ratio is undefined, so interpretation
is difficult or impossible. If the ratio is defined and large, then it is not immediately clear
whether the ratio’s size is attributable to a large numerator or a small denominator.
Conversely, when the ratio is small, it is not clear whether the ratio’s size is attributable
to a small numerator or a large denominator. In particular, xguanity can demonstrate this
problem, in some cases leading to nearly uninterpretable values of xguanity that are less
than negative 1 or greater than 1 (Schneider and Pontius 2001). Kappa’s ratio is
unnecessarily complicated because usually the most relevant ingredient to Kappa is only

one part of the numerator, i.e., the total disagreement as seen in the right sides of
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equations 11-14. This total disagreement can be expressed as the sum of two components
of quantity disagreement and allocation disagreement in a much more interpretable
manner than Kappa’s unitless ratio, since both components express a proportion of the
study area.

Second, it is more helpful to understand the two components of disagreement than
to have a single summary statistic of agreement when interpreting results and devising
the next steps in a research agenda. The two components of disagreement begin to
explain the reasons for the disagreement based on information in the matrix. Examination
of the relative magnitudes of the components can be used to learn about sources of error.
A statement that the overall Kappa is X or proportion correct is P does not give guidance
on how to improve the classification, since such statements offer no insight to the sources
of disagreement. When one shifts focus from overall agreement to components of
disagreement, it orients one’s mind in an important respect. For example, Ruelland et al.
(2008) report that an agreement of 72 % is good, while Wundram and Loffler (2008)
report that a disagreement of 23 % is not good. Perhaps they came to these conclusions
because Ruelland et al. (2008) focused on agreement and Wundram and Loffler (2008)
focused on disagreement. It is much more common in the culture of remote sensing to
report agreement than disagreement, which is unfortunate. If Ruelland et al. (2008) would
have examined the two components of disagreement, then they could have interpreted the
accuracy of their maps relative to their research objective, which was to examine the
differences among maps from three points in time. It is usually more helpful to focus on

the disagreement and to wonder how to explain the error, which is what the two
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components of disagreement do, rather than to focus on the agreement and to worry that
randomness might explain some of the correctness, which is what the Kappa indices of
agreement do.

Third, and most importantly, the Kappa indices attempt to compare observed
accuracy relative to a baseline of accuracy expected due to randomness, but in the
applications that we have seen, randomness is an uninteresting, irrelevant, and/or
misleading baseline. For example, the xgundara addresses the question, “What is the
observed overall agreement relative to the statistically expected agreement that we would
obtain by random spatial reallocation of the categories within the comparison map, given
the proportions of the categories in the comparison and reference maps, regardless of the
size of the quantity disagreement?” kandara answers this question on a scale where zero
indicates that the observed agreement is equal to the statistically expected agreement due
to random spatial reallocation of the specified proportions of the categories, and one
indicates that the observed agreement derives from perfect specification of both the
spatial allocation and the proportions of the categories. We cannot think of a single
application in remote sensing where it is necessary to know the answer to that question as
measured on that scale in order to make a practical decision, especially given that a
simpler measure of accuracy, such as proportion correct, is already available. We know
of only two cases in land change modeling where xajocation can be somewhat helpful
(Pontius et al. 2003, Pontius and Spencer 2005), because xjiocation answers that question
on a scale where zero indicates that the observed agreement is equal to the statistically

expected agreement due to random spatial reallocation of the specified proportions of the
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categories, and one indicates that the observed agreement is due to optimal spatial
allocation of the specified proportions of the categories. Furthermore, we know of no
papers where the authors come to different conclusions when they interpret proportion
correct vis-a-vis Kgandard, Which makes us wonder why authors usually present both
proportion correct and Ksiandard-

We suspect the remote sensing profession is enamored with Kgndara because the
comparison to a baseline of randomness, i.e., chance, is a major theme in university
courses concerning statistical theory, so the concept of xangara SOUNds appealing initially.
However, comparison to randomness in statistical theory is important when sampling, but
sampling is an entirely different concept than the selection of a parameter to summarize a
crosstabulation matrix. The Kappa indices are parameters that attempt to account for
types of randomness that are conceptually different than the randomness due to sampling.
Specifically, if the underlying matrix derives from a sample of the population, then each
different possible sample matrix (Table 1) might produce a different estimated population
matrix (Table 2), which will lead to different a different statistical value for a selected
parameter. The sampling distribution for that parameter indicates the possible variation in
the values due to the sampling procedure. We have not yet derived the sampling
distributions for quantity disagreement and allocation disagreement, which is a potential

topic for future work.
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4.2 A more appropriate baseline

There is a clear need to have a baseline for an accuracy assessment of a particular
classified map. The unfortunate cultural problem in the remote sensing community is that
85 % correct is frequently used as a baseline for a map to be considered good. It makes
no sense to have a universal standard for accuracy in practical applications (Foody 2008),
in spite of temptations to establish such standards (Landis and Koch 1977, Monserud and
Leemans 1992), because a universal standard is not related to any specific research
question or study area. Perhaps some investigators think xgngarg avoids this problem,
because randomness can generate a baseline value that reflects the particular case study.
However, the use of any Kappa index assumes that randomization is an appropriate and
important baseline. We think that randomness is usually not a reasonable baseline,
because a reasonable baseline should reflect the alternative second-best method to
generate the comparison map, and that second-best method is usually not randomization.
So, what is an appropriate baseline? The baseline should be related to a second-best
method to create the comparison map in a manner that uses the calibration information
for the particular study site in a quick and/or naive approach.

For example, Wu et al. (2009) compared eight mathematically sophisticated
methods to generate a map of nine categories. If both quantity and allocation were
predicted randomly, then the completely random prediction would have a proportion
correct of 1/9 (Brennan and Prediger 1981, Foody 1992); however the authors wisely did
not use this random value as a baseline. They intelligently used two naive methods to

serve as baselines in a manner that considered how they separated calibration data from
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validation data. The calibration data consisted 89 % of a single category. Thus one naive
baseline was to predict that all the validation points were that single category, which
produced a baseline with 11 % quantity disagreement and zero allocation disagreement.
A second naive baseline was to predict that each validation point was the same category
as the nearest calibration point, which produced a second baseline with almost zero
quantity disagreement and 20 % allocation disagreement. Only one of the eight
mathematically sophisticated methods was more accurate than both of the naive
baselines, while seven of the eight sophisticated models were more accurate than a
completely random prediction.

Pontius et al. (2007) presented an example from land change modeling in the
Amazon where a naive model predicted that deforestation occurs simply near the main
highway, and a null model predicted that no deforestation occurs. Both the naive and the
null models were more accurate than a prediction that deforestation occurs randomly in
space. They concluded that the question “How is the agreement less than perfect?” is an
entirely different and more relevant question than “Is the agreement better than random?”
The components of disagreement answer the more important former question, while the
Kappa indices address the less important latter question.

The two components of disagreement have many applications regardless of
whether the components derived from a sample of the population, or from comparison of
maps that have complete coverage. For example, Pontius et al. (2008a) show how to use
the components for various types of map comparisons, while Pontius et al. (2008b) show

how to compute the components for maps of a continuous real variable.
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5 Conclusions

This article reflects more than a decade of research on the Kappa indices of agreement.
We have learned that the two simple measures of quantity disagreement and allocation
disagreement are much more useful to summarize a crosstabulation matrix than the
various Kappa indices for the applications that we have seen. We know of no cases in
remote sensing where the Kappa indices offer useful information, because the Kappa
indices attempt to compare accuracy to a baseline of randomness, but randomness is not a
reasonable alternative for map construction. Furthermore, some Kappa indices have
fundamental conceptual flaws, such as being undefined even for simple cases, or having
no useful interpretation. The first author apologizes for publishing some of the variations
of Kappa in 2000 and asks that the professional community do not use them. Instead, we
recommend that the profession adopt the two measures of quantity disagreement and
allocation disagreement, which are much simpler and more helpful for the vast majority
of applications. These measurements can be computed easily by entering the
crosstabulation matrix into a spreadsheet available for free at www.clarku.edu/~rpontius.
These two measurements illuminate a much more enlightened path, as we look forward to

another decade of learning.
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Appendix

This is a mathematical proof of equation 7. We begin with equation 6 that expresses
overall total disagreement D as 1 minus the overall total agreement C, then multiply and

divide by 2, and then use the fact the sum of all p; equals 1.

J ]

Z 2-2(2y=1p
D=1-C=1-— pggz (Zglgg)

g=1

_ (2o Clpi)] + [ (B} = (22021 pgg)
2

_ Zé=1{(2{=1 Pig) + (Z§=1 pgj)} - (Zé=1 Zpgg)
2

equation Al

The next expression is true because y + z = ly - zl + 2minl[y, z].

Zé=1{(2{=1 Pig) + (Z§=1 pgj)} - (Zé=1 Zpgg)
2

_ Zé=1{|(2{=1 pig) - (Z§=1 ng)l + 2min[(2{=1 pig)' (Z§=1 ng)]} - (Z§=1 2pgg)
2

equation A2
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596 By the associative law of addition, we get

Zé=1{|(2{=1 pig) - (Z§=1 ng)l + Zmin[(Z{zl pig)' (Z§=1 ng)]} - (Z§=1 2pgg)

2
_ 2=l i pig) — (Bjeipg)) + 212nin[(2{=1pig), (X)1Pg)] = 2pgy)
_ Z§=1I(Z{=1pigz) mOELIN Z§=1{2min[(2{=1pig)2' ()1 Pg)] = 2Py}
_ Z§=1I(Z{=1pigz) = (jeapa))l | Tgor(2min| (B, i) —ngg' (X} Pgs) = Pygl)
597 equation A3

598

599  Finally, by equations 2-5, we get

Z{)=1|(Z{=1 pig) - (Z§=1 ng)| + Z{q=1{2min[(2{=1 pig) ~ Dgg» (Z§=1 pgj) - pgg]}
2 2

J J
_ Zg:l Qg + Zg:l ag
2 2

=Q+A
600 equation A4

601
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Table 1. Format for observed sample matrix.

Reference
j=1 j=2 ... j=J | Sample Total Population Total
J
i=l| ny np niy anj N
j=1
J
= .
2 i=2 | ny1 nxp nyy anj N>
=
5)
Q
J
i=J | nyg np nyy Zn]j Ny
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745  Table 2. Format for estimated population matrix.

Reference
J=1 =2 ... j= Comparison Total
J
i=1 P P12 P ZPU
j=1
J
= :
S i=2 D21 P2 P2 Z P2j
:
£
o
@)
J
i= pn pn pi Z byj
j=1
J J J
Reference Total Z Pi1 Z Di2 Z Dij 1
i=1 i=1 i=1
746
747
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748  Table 3. Parameter descriptions in terms of the disagreement space in figures 2-9.

Parameter Description

(0] lower bound

A total disagreement minus quantity disagreement

Kno (one half minus total disagreement) / one half

Kstandard (random line minus total disagreement) / random line

Kallocation  (random line minus total disagreement) / (random line minus quantity disagreement)
Khisto (random line minus quantity disagreement) / random line

Kquantity See Pontius (2000)

749
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Figure 1. Reference (refer.) map and comparison maps that show all possible
combinations of quantity disagreement and allocation disagreement. The dotted box
highlights a comparison map that has three pixels of disagreement, where the two
pixels of disagreement at the bottom are omission disagreement for the black
category and the one pixel in the upper right is comission disagreement for the black
category. This implies that the comparison map in the dotted box has one pixel of
quantity disgreement and two pixels of allocation disagreement, since two pixels in
the comparison map could be reallocated in a manner that would increase agreement
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Figure 1. Reference (refer.) map and comparison maps that show all possible combinations of quantity disagreement
and allocation disagreement. The dotted box highlights a comparison map that has three pixels of disagreement, where
the two pixels of disagreement at the bottom are omission disagreement for the black category and the one pixel in the
upper right is comission disagreement for the black category. This implies that the comparison map in the dotted box
has one pixel of quantity disgreement and two pixels of allocation disagreement, since two pixels in the comparison map

could be reallocated in a manner that would increase agreement with the reference map.
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9 —i— maximum disagreement
B two pair misallocation
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+ one pair misallocation
7

=== LIANLItY disagreement

Total disagreement {number of pixels)
F-

allocation disagreement

quantity disagreement
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9

Quantity of black category in comparison map (number of pixels)

Figure 2. Disagreement space for all comparison maps, showing quantity

disagreement and allocation disagreement for the highlighted comparison map in

figure 1.
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Figure 3. Quantity disagreement Q shown by the values plotted in the space.
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the braces show the numerator and denominator for the highlighted comparison

map in figure 1.
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827  Figure 10. Quantity disagreement, allocation disagreement, and xgangara below each

828  bar for five matrices published in International Journal of Remote Sensing.
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