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FUNCTION SPACES VIA FRACTIONAL POISSON KERNEL
ON CARNOT GROUPS AND APPLICATIONS

By

ALI MAALAOUI, ANDREA PINAMONTI AND GARETH SPEIGHT

Abstract. We provide a new characterization of homogeneous Besov and
Sobolev spaces in Carnot groups using the fractional heat kernel and Poisson
kernel. We apply our results to study commutators involving fractional powers of
the sub-Laplacian.

1 Introduction

Besov and Sobolev spaces measure regularity of functions and are of central
importance in the study of PDEs. There has been much work on these spaces
and their characterization in different settings. Such alternative characterizations
provide flexibility for applications. In this work, we give a new characterization of
homogeneous Besov and Sobolev spaces in Carnot groups using the fractional heat
kernel and Poisson kernel. We use this to study commutators involving fractional
powers of the sub-Laplacian.

A Carnot group is a Lie group whose Lie algebra admits a stratification. This
decomposes the Lie algebra as a direct sum of vector subspaces, the first of which
is called the horizontal layer and generates the other subspaces via Lie brackets.
Carnot groups have a rich geometric structure adapted to the horizontal layer,
including translations, dilations, Carnot—Carathéodory (CC) distance, and a Haar
measure [1, 17, 32, 38]. Carnot groups have been studied in contexts such as
differential geometry [17], subelliptic differential equations [11, 25, 24], real and
complex analysis [45, 40, 41]. For an introduction to Carnot groups from the point
of view of this paper and for further examples, we refer to [11, 25, 45].

In the Euclidean case there have been characterizations of Besov and
Sobolev spaces using multiple tools, mostly relying on the Fourier transform and
Littlewood—Paley decompositions [12, 13, 14]. In Carnot groups there have been
a few characterizations of such spaces, for instance using the heat kernel [43] and
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2 A. MAALAOUI, A. PINAMONTI AND G. SPEIGHT

a spectral multiplier version of Besov spaces [28]. We also mention the use of a
Littlewood—Paley decomposition in the study of the phase space in the Heisenberg
group [5, 6]. This uses the Fourier transform in that setting. We also point out the
extension of the characterization in [43] to the case of metric measure spaces with
heat kernels satisfying a Gaussian bound, [16]. As we will see later on, the kernels
that we will be using do not satisfy this bound.

The heat kernel and fractional heat kernel in Carnot groups have been studied
for some time, e.g., see [23] and the references therein. The Poisson kernel in
Carnot groups was introduced and studied in [26], but the fractional one is a
recent discovery. It was first introduced and studied in [22] to exhibit a Harnack-
type estimate for the fractional Laplacian. The method of construction follows
the classical one introduced by Caffarelli and Silvestre in [15], but here using the
spectral resolution of the sub-Laplacian. We also point out that there is also another
construction for a different fractional Poisson kernel in the Heisenberg group for
the conformal fractional sub-Laplacian in [27] and the construction relies mainly
on the Fourier transform.

In this paper we start by defining a norm using the fractional heat kernel which
ends up being equivalent to the classical homogeneous Besov norm as stated in
Theorem 3.4. This procedure is close to the one of [43] and it does rely partially
on the semigroup property of the fractional heat kernel. Next, we study different
properties of the fractional Poisson kernel, allowing us, as stated in Theorem 4.6,
to provide different equivalent norms to the classical homogeneous Besov spaces.
The main challenge in this procedure is to bypass the use of the Fourier transform
and still keep certain harmonic analysis properties of the different kernel we are
considering. Also, in the same spirit, in Theorem 5.1, we provide a lower bound for
the fractional Sobolev norms using a square-function-type quantity involving the
convolution with the Poisson kernel and we finish in Proposition 5.5, by providing
a characterization of the BMO norm.

Concerning applications of our results, the second characterization that we
provide for Besov and Sobolev spaces appears to be well suited to the study of
commutators involving fractional powers of the sub-Laplacian. We recall that, in
[36], the first author provided a family of estimates for the commutator of the frac-
tional sub-Laplacian using a more direct approach in estimating the singular kernel
of the operator. In this work we provide an extended result, which generalizes
many classical commutator estimates known in the Euclidean setting to the case
of Carnot groups. For instance, in Theorems 6.5 and 6.6 we provide bilinear-type
estimates for three-term commutators involving the fractional sub-Laplacian. In
fact the first result (namely Theorem 6.5) provides L7-type estimates and the sec-
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ond result deals with the borderline setting of bounding the Hardy norm. Also, in
Theorem 6.7, we provide a proof of the Chanillo-type commutator estimates for
the Carnot group setting. We follow closely the ideas provided in the Euclidean
setting [35] to use the fractional Poisson kernel to simplify the expressions of
the commutators. But we point out that in the Euclidean case, the estimates and
characterizations of the different spaces was established separately in [12]. This is
why, in our case, we first have to cross the difficulty of characterizing these spaces.

In general, commutator estimates are a fundamental tool in the study of the
regularity of PDE, especially in the fractional setting. For instance, in Carnot
groups, [36] gives applications to the study of the regularity and decay of solutions
to the fractional CR-Yamabe problem, while [33] characterizes the asymptotic
profile decomposition of Palais—Smale sequences for the same problem. In the
Euclidean setting one has even more applications of commutator estimates [34, 44,
20, 21].

The structure of the paper is as follows.

In Section 2 we provide the necessary preliminaries on the structure of Carnot
groups, the sub-Laplacian and the heat kernel.

In Section 3 we provide a characterization of Besov spaces using the fractional
heat kernel. This is the kernel of the flow generated by the fractional power of
the sub-Laplacian. The proof in this section follows the approach in [43], where
an analogous characterization of Besov spaces was obtained using the standard
(non-fractional) heat kernel and Poisson kernel.

In Section 4 and Section 5 we move to the characterization of Besov, Sobolev
and BMO spaces using the fractional Poisson kernel. Here we generalize ideas in
the Euclidean setting and avoid notions involving the Fourier transform because
that is a tool that we cannot afford in Carnot groups in general.

In Section 6 we provide several applications of our results to estimates for
commutators of fractional powers of the sub-Laplacian. Such estimates were
established and studied in the Euclidean setting in [18, 20, 21, 35, 34, 44].
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2 Preliminaries

2.1 Carnot groups.

Definition 2.1. A connected and simply connected Lie group (G, ) is a
Carnot group of step £ if its Lie algebra g admits a step k stratification.
This means that there exist non-trivial linear subspaces V1, ..., V; of g such that

2.1) g=Vi® - ®V

where [V, V] = Vi for 1 < i < k and [V, Vi] = {0}. Here [V}, V;] is the
subspace of g generated by the commutators [X, Y] with X € Vi and Y € V,.

Let m; = dim(V;) fori = 1,..., k. Define hp = 0 and h; = m; + --- + m; for
i=1,...,k We also use the notation n := h; and m := m;. The homogeneous
dimension of G is then defined by Q := % | idim(V;).

Choose a family of left invariant vector fields X = {X, ..., X,} adapted to
the stratification of g, i.e., such that X_,41,..., X is a basis of V; for each
j=1,...,k. This identifies g with R”. Using exponential coordinates of the first
kind we identify G with g and hence with R”. With these coordinates, X;(0) = ¢;
fori=1,...,n.

Definition 2.2. The sub-bundle of the tangent bundle 7'G that is spanned by
the vector fields X1, ..., X, plays a particularly important role in the theory. It is
called the horizontal bundle HG. The fibers of HG are

H,G = span{ X (x), ..., X,(x)}, xeG.

We can endow each fiber of HG with a corresponding inner product (-, -) and with
anorm | - | that make the basis X;(x), ..., X,,(x) an orthonormal basis. The sections
of HG are called horizontal sections and a vector of H,G a horizontal vector.
Each horizontal section is identified by its canonical coordinates with respect to

this moving frame X;(x), . .., X,;,(x). This way, a horizontal section ¢ is identified
with a function ¢ = (¢1, ..., ¢p) : R" = R™.

Definition 2.3. For any x € G, the left translation 7, : G — G is defined
by 7,z = xz.

For any 4 > 0, the dilation J, : G — G is defined as
(2.2) 5x) =&, ..., A4,
where x = (&, ..., &) e R™M x -« x R™ = G.

The Haar measure of G = (R”, -) is the Lebesgue measure in R". If A c G
is Lebesgue measurable, we write |A| to denote its Lebesgue measure.
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Let|-]:G — [0, c0) denote a symmetric homogeneous norm on G [11],
meaning:
e | - | is continuous,

e |0)(x)] = A]x]| for every 4 > O,

—1
o x| =Ixl.

Note that any two continuous homogeneous norms are equivalent, i.e., within
constant multiplicative constant factors of each other. All the estimates we give
are the same if the norm is changed up to changes in constants. We denote the ball
centered at a point x € G with radius r > 0 by

Bx,r)={yeG: |y_1x| <r}.

We denote balls centered at the identity O by B(r) = B(0, r).
Given two non-negative functions f and g, we shall write f < g if there exists a
constant C such that

f(x) < Cg(x)

for all x € G. Similarly we shall write f ~ g if f < gand g < f.

Definition 2.4. Suppose f : G — R is a function for which X;f exists for
1 < j < m. Then we define the horizontal gradient of f as the horizontal
section whose coordinates are (Xif, ..., X,,f):

Vef =Y (XX
i=1
We denote by A, the positive sub-Laplacian defined by
Ayf =) X Xf
j=1

whenever f is a function such that X;X;f exists for 1 < j < m.

If Q ¢ G is an open set, we define C*°(Q) as in the classical case when Q is a
subset of R”. We will use the inequality

) =fOlln S DIVl

for all y € G and sufficiently smooth f: G — R. This is a consequence of the
Fundamental Theorem of Calculus.
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2.2 Heat kernel. For every multi-index = (1, ..., f,) € N”, we denote
Bl= i+ + B
and
Df =xI' ... XD
where

XV =xx;- - X;.
- -~
ﬂi—\ti’mes

We also use the notation (8/ax;)? or & to denote differentiation with respect to the
standard basis of R”. The Schwartz space and space of distributions are defined as
in the classical setting, which we now briefly recall.

Definition 2.5. We define the Schwartz space S(G) by identification of G
with R”:
8(G) ={¢p € C®(G): P(6/ox;)’¢ is bounded on G

for every polynomial P and every multi-index S}.

We equip 8(G) with the following seminorms for multi-indices a, f € N":
1¢lla.p = sup [x*D/g].
xeG

The convolution of two functions f, g : G — R is defined whenever it makes
sense by

¢ x90= [ fooeordy= [ 07 xr0)dy

Definition 2.6. The continuous dual of §(G) with the family of seminorms
Il - lla,p is the space of distributions on G, denoted §'(G).

The action of a distribution f on a Schwartz function ¢ is denoted (f, ¢). The
convolution f * ¢ of f and ¢ is defined by

(f * )X = (f, §)

where ¢(y) = ¢p(y~'x). If a is a multi-index, the derivative 8*f of a distribution f
is defined by

(3, 0) = (=DI(f, 0%9) 9 € 8(G).

Define the parabolic version of a Carnot group G by G := R x G. This is a
Carnot group where the group operation in the first coordinate is the usual addition
and its homogeneous dimension is Q + 2. We define dilations on G by

8,(1, x) = (12t, 5,(x)).
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Definition 2.7. The heat operator is the operator J{ on G defined by
J'C = 6; + Ab.

The heat operator is:

e translation invariant, i.e., for any g € G, H(u o 75) = (H(w)) o 74,

e homogeneous of degree 2, i.e., for any 1 > 0, H(u o 3,1) = A2Hu,

e hypoelliptic, i.e., if u is a distribution on G such that Hu is C* in some open
set Q, then u must be C* on Q.

Definition 2.8. The heat operator H{ admits a fundamental solution 4, usually
called the heat kernel for G.
Write h;(x) := h(t, x) and define for f locally integrable on R":

Hf)= ()00 = | ey dy
whenever the integral exists. Then { H,},-¢ is called the heat semigroup for G.

We now recall properties of 4 and H,; see for example [11, 26] or [47, Section
IV. 4]

Theorem 2.9. The heat kernel h satisfies:
(1) he C2(G\{(0,0));
(2) h(A%t,6;(x)) = A~Ch(t, x) for every x € G and t, . > 0;
(3) h(t,x) =0 foreveryt < 0 and fG h(t,x)dx =1 for everyt > O,
4) h(t,x)=h(t,x"") foreveryt > O and x € G;
(5) there exists ¢ > 1 (depending only on G) such that for every x € G and t > 0

2 2
-1,—0/2 _ 1x]) -0/2 _ lx[= .
2.3) U exp( C_lt) < h(t, %) < et exp( . )
(6) for every non-negative integer k and f € N", there exists ¢ = c(f, k) > 0 such
that for everyx € Gandt > 0
6k ) |2
2.4 | D) < e e
Further, forany f € L'(R") andt > 0, we have H,f € C®(R") and u(t, x) = H, f(x)
solves Hu = 0 in (0, 00) x R™. Also u(t, x) — f(x) strongly in L'(R") as t — 0.

We now recall that the fractional sub-Laplacian and its inverse can be expressed
using the heat semigroup H, as in [25].
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Definition 2.10. We define the fractional sub-Laplacian by

a — 11 l * —a
25) oo =tim s

and

1 n
—Ap) "% = 1i " H, fdr
(=Ap)~f nggor(a)/o +f dt,

where 0 < a < 1 and f € L*(G) is any function for which the relevant limit exists
in L? norm.

We recall the following proposition [25, 26].

Proposition 2.11. For 0 < a < Q the integral
1 .
R.(x)= _ / 1> 'h(t,x)dt, xeG,
F(z) 0

converges absolutely and has the following properties:
o R, is a kernel of type a, i.e., is C* away from 0 and homogeneous of degree
oa—0;
® R, *Rg=Ryipfora,p>0anda+p < Q;
o R; is the fundamental solution of — Ay, i.e., (—Ap)Ry = do;
o forf € I’(G)and 1 < p < oo, we have (—Ap)~%f =f = Ry,.

From Proposition 2.11 and Theorem 2.9 it follows that R, (x) ~ |x|~2**. Also
the function p(x) = (Ra(x))a—lQ defines a symmetric homogeneous norm which
is smooth away from the origin and induces a quasi-distance equivalent to the
left-invariant Carnot—Carathéodory distance.

In a similar way one can define the function R, introduced in [22], for a < 0
anda & {0,—-2,—4,...} by

50 2 [T
R(,((x)—l_‘(g)/0 t27 h(t, x)dr.

Again, R,, is homogeneous of degree a — Q and
(2.6) Ry(x) ~ |x|*7€.

Using classical interpolation (or what is called A-kernel estimates in [26]) one has,
forO <a < Q,

2.7) IRaully < lluell o

for; = ; — g and 1 < g < Q. Using R, one can define another representation for

the fractional sub-Laplacian. The following theorem is from [22, Theorem 3.11].
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Theorem 2.12. [fu € 8(G), then for0 <a < 1:
(= Ap)“u(x) = PV, /@, () — ()R _2a(y~"x) dy

= lim () — u)R_2a("x) dy.
e=0" JG\B(x,2)

Moreover, using Balakrishnan’s approach (see [7, 8]) and what is proved in [29,
Lemma 8.5] (see also [23]) we also have the following formula

Theorem 2.13. Ifu € 8(G), then for0 <a < 1:
anruw ==y e ) — u) a

- F(ia) /ooo T (Hiux) = u(x)) dr.

The integral in the right-hand side must be interpreted as a Bochner integral

in L*(G).

2.3 Spectral analysis in carnot groups. We collect here some well-
known results in Spectral Analysis which will be used later in the paper.

Since — A, is self-adjoint with domain {f € L*(G) : —A,f € L*(G)}, we can
consider its spectral resolution fooo AdE(1). Then [25, (3.12)]

(~an= [ aaEG),

0

with domain
W%2(G) = {u e [X(G): / 22 d (E(M)u, u) < oo}.
0
Any bounded Borel measurable function m on [0, co) defines an operator on L*(G)
by
m(—Ay) = / m(A) dE(A).
0

Let K,,, denote the convolution kernel of the operator m(— Ajp), namely K, is a
distribution on G satisfying

(2.8) m(—Apu=uxK,, forue 8(G).

If m is also compactly supported, then K,,, € L*(G) and there exists a regular Borel
measure g, on [0, o), whose support is the L? spectrum of — A, such that [37,
Theorem 3.10]:

/ |Kon(0) dx = / m()2 don(2).
G 0
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Remark 2.14. For any function f on G and any 4 > 0, set d,f(x) = f(d,(x)).
We claim:

(2.9) di (= Ap)d; = P4 (= Ap)*.

Indeed, by Theorem 2.12 we get

d; (— Ap)*dif(x) = lim (dif(3) — dif (31 )R 24y 61 x) dy

20" JG\B@S | x,2)
A

lim (f(0:y) —f(x))R—za(Q ((0:y)"1x)) dy

20" JG\B@S | x,2)
A

= 22" lim (F(0:) — FE)R_24,((8;) " x) dy
e—>0* G\B((si X,€)

where in the last equality we used R_,, (51 ((5,y)"'x) = A2*2*R_,,((5,y)"'x). The
conclusion follows by a change of variables.

Similar to above, one can check that for any m € L*°((0, co)) we have
(2.10) d; 'm((— Ap)M)d), = m(2P4 (= Ap)*).
Remark 2.15. Given m € L*((0, c0)) and ¢ > 0, set
M) =m(v2) and m'(2)=mV7).
For any f € 8(G),

m (= A = m(i(—Ap)>)f = d ' m((— Ap)2)d,f = d7' (= Ap))d, f
=d7\(d,f * Kn)
=179 « d'Ky).

Hence
(2.11) K (x) = t_QK,ﬁ(5: (x)).

Now suppose that o > Q/2 and fix n € C5°(0, 0o) not identically zero. If m
satisfies

(2.12) sup [|7(-)m(z) || we2@) < 00,
t

then by [19, Lemma 6], K!, € L'(G) uniformly in ¢ € (0, 00). Here W*2(R)
denotes the standard fractional Sobolev space of order a.
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2.4 Semigroups. We recall a few properties of the semigroups generated
by fractional powers of generators of strongly continuous semigroups. We refer to
[48, Section 11, Chapter IX] for more information and all the missing proofs.

2.4.1 General semigroups Itis well known that (A)“* is the generator of
a Markovian semigroup {e"«},. o which is related to {€"1},.¢ by the subordination

formula

(2.13) ey = /O ” fra()euds
(2.14) = /O - fra(De™ “Audr
where

fral) = 2}1’1‘ f;jg’: e dz if A >0,
t,a =
0 if 1 <0,

foro > 0, > 0and O < a < 1. Thanks to [48, Proposition 2 of Section 11,
Chapter IX], f;.«(4) is non-negative for A > 0 and for 1 > 0

(2.15) / fra()e™ ds = e,
0
Moreover,
) 1 t
(2.16) Jra(s) < mln{ fl/a> Sl+a}

and for —oo < Jd < «a

o0 s T =6/a) 5,
2.17) /0 Jra(s)s®ds = Il — o) t
and if 6 > «
(2.18) / - fra(s)s? ds = +00.

0

2.4.2 Heat semigroup. Let us now examine the heat semigroup. In this
case, (—Ap)* is defined in (2.5) and its domain is W?%2(G). We may use (2.13)
and the equation ¢~y = H,u to write

A y(x) = /oofm(s) (/ h(s, y~ ' 0)u(y) dy) ds foru e L*(G).
0 G
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Hence, using Theorem 2.9 and (2.14), we have

A y(x) = /00 e AU o (1) de
0
:/‘(/Mﬂ@f%Mw®%AﬂM
0 G
=/ (/ h(rt”“,y_lx)fl,a(r)dr)u(y)d)’-
¢ \Jo

Thus, the function

(2.19) ha(ty) = [ b a0
0
is the integral kernel of the semigroup e"=2»" i.e.,
(2.20) A y(x) = / ho(t, y ' )u(y)dy foru € L*(G).
G

2.5 Besovspaces. We now recall the definition of the Besov space B, (G)
[43].

Definition 2.16. Let0 <s < 1,1 <p<oocandl < g < co.
The Besov space By, ,(G) is defined for g < oo by

If (xy) =f)llzr\a dy
B’ (G)::{ eLP(G):/ < 00 ;.
- / G( IyI® ) M
The Besov space By, ,(G) is defined by
B}, (G) = {f e I7(G) : sup Fe) = f (ol < oo}
’ ) [yl®
We define the corresponding semi-norms by

If ) —f Ol dy vy s
U ) if g < oo,
Wflls;, =

F ey =f (Ol -
sup,_g A lyfzx v if g = 0.

Note that B), , can also be defined as the completion of $(G) with respect to

Wz + 11 s
3 Besov Spaces via Fractional Heat Kernel

In this section we will provide a characterization of Besov spaces using the frac-
tional heat kernel. Throughout this section we fix a € (0, 1). We first collect some
properties of the function %, defined in (2.19) by

mmw=£ h(zts, V)fi.o(0) dr.
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Proposition 3.1. Given o € (0, 1), the function h, has the following proper-
ties:
(1) h, € C=(G\ {(0,0)}),
(2) hy(A%*t, 8;(x)) = A7 C%h,(t, x) for everyx € G and t, A > 0,
(3) hy(t,x) =0 foreveryt < 0 and fG ho(t,x)dx =1 for everyt > 0,
(4) hy(t,x) = hy(t,x~ ") for everyt > 0 and x € G.

Proof. (1), (2)and (4) are trivial consequences of Theorem 2.9 (1), (2) and (4)
respectively. Property (3) follows from Theorem 2.9 (3) by observing that for¢ > 0
we have

G.1) /G o, ) dx = /G /0 h(ett, s o(0) drdx = /0 fra(Ddr=1,

where the last equality is [48, Proposition 3, Chapter IX]. (]

In what follows, given f € L”(G) we will use the notation

u(t, x) = (hy # f)(t, ) = / hat, V) 1% dy
(3.2) G

= [ Bty ) .
Recall that n is the topological dimension of G.

Proposition 3.2. Let k € N and € N'. Then h,(t, x) satisfies for t > 0

and x #0:
k —(Q+BI+2aK) 14120 > ¢
‘ 6 k Dﬁh’a(ta x)‘ 5 |X|Q+|ﬂ|+2ak lf‘ |X| -
or o if |x]** < t.

Further, for 1 <p <r <ooandd=Q(1/p—1/r), we have forallt > 0

_|BI+2ak+s

ak
B “
| xPlu || <" 1

Proof. We start with the pointwise estimates for k = 0 and f = 0. By
Proposition 3.1(2) we have

ha (1?1, 5,(x)) = r2hy(t, x).
If |x|?* > ¢, we have

ha(t, %) = x| Cha(tlx| 72,81 (0) < X7 sup hq(to, ¥)-
: Iyl=1
O<ry<l1
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Hence to complete, it suffices to prove that

sup iy (fo, y) < 0.

lyl=1
0<1p<1

Indeed, from the expression of /,, Theorem 2.9, the boundedness of A(z, y) on
the set |y| = 1 and the fact that f; 4(7) is continuous and integrable in 7 [48,
Proposition 3, Chapter IX] we have that

| (20, y)I S/O |h(Tt<%,y)lf1,a(T)dT§/o Si.a(7)dz < 00.

On the other hand, if [x|** < ¢, then we have

ha(t,x) = he(t,5 1 8 1 (X)) < % sup hu(l,y).
t20 t 2a 0<|y|51

The thesis follows if we prove that sup,_,<; ha(1,y) < oco. Using again the
expression of 4, and the fact that i(z, y) is uniformly bounded if 7 > 1, we have

o

1
(1, )| < /0 (2, VIfi.a(2) d + /1 Iz, V)Ifi.o(0) d
1 0 v2
< / T 2e” e fo(r)dr+ 1.
0
By (2.16), it holds that
/ e, o (A)dh = e,
0

Therefore, f; , is the density of an a-stable subordinator. Now from [10, eq. 14],
we have forr > Oand 1 > O,

fra(Q) Sea717%e™ A,
Hence,
1 ) 1
_0 _ I (9 _ 1
/ T 2e )crfl,a(r)drg/ G e 47 < 00
0 0

and we conclude as before. This provides us with the following estimate:

_0 1
hy (2, ¥) < max (t 2, lle).

The proof of the pointwise estimates of the derivatives follows from the formula

o o
(D ha(rt,6,(0) = @D Dy (1, x)

0
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and Theorem 2.9(6). Let us move to the L” estimates. Using Young’s inequalities,
since u(t, x) = (h, * f)(¢, x), we have that
ak
L e

The conclusion follows observing that

ak
/G ‘ D hatt, x)‘ dx

& o
:/ Dh(tx)‘dx+/ DPhy(t, x)| dx
I_x|<t2a

ﬁtk |x|>t2a 51"‘

_ O+|fl+2ak _
/ ot 2% dx + / 1 |x] (O+1B1F20K) {1,
|x| <t 2 |x|>12a

|Bl+2ak

(3.3)

N

<" 1 ¢, / 01 —(Q+Ipl+2ak) .
12a
< 2k

If g is chosen such that 1/r=1/p+1/q — 1 > 0, then by Young’s inequality

? Dt I

o 5
D], <|
Hatk ( )L’_ otk

|181+2ak+Q(1—1/q)
St flle
|/f|+2ak+§
S r . ” Lr- O

We recall the following useful lemma [39]:

Lemma 3.3. Letr (Sy, u1) and (S2, u) be o-finite measure spaces. Fix a
U1 x wr-measurable function K for which there exists C > 0 such that
(1) |K(x,y)| < Cfor uy x usz a.e. (x,y) € S1 X S,
2) fSl |K(x, Y)|du1(x) < C for uy a.e.y € S,
(3) Js, IK(x, Idpa(y) < Cfor uy a.e. x € S
Then the integral operator defined by T(f) = |, s, KCe, V) (y) dua(y) is bounded from
LP(S2, u2) to LP(Sy1, py) for 1 < p < oo,

Let0 <s < 1,1 <p < 00,1 < g < oo and recall the function u defined in
(3.2). We consider the following semi-norm on Besov spaces:

o= [ (73] %5 fdv.

We can now prove our characterization of Besov spaces using the fractional heat
kernel. The following result will be crucial later.

~ ),
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Theorem 3.4. [et0 <s<1,0<a <, 1 <p<ooandl < q < oco. Then
for any f € LP(G) we have

|V||S,p,q ~ ”f”Bgfq'

Proof. We will show the equivalence of these two seminorms for f € 8(G)
and the result will follow then by density. By Proposition 3.1(3), [; ag;, dx =0,
therefore by (3.2) and Proposition 3.1(4)

15) ohy, _
0= /@, G0 — f@) d.

Denoting w,(y) = ||f(xy) — f(x)|lz» and using Minkowski’s integral inequality, we

get
p 1
1%, = ([ a)
Lr

< [ oo a

ohy,
5 @, y)(f(xy) — f(x))dy
G t

Now using Proposition 3.2, we have

_ s _ _ Otsa
2 2 (et a T [ o)
|y|2a >t |y|2a <t

Hence,

& 1-3 q dt
(L E=1%0) )
oo s 9 dr\ a
< ( / (fl_z / Iy~ @20, (y) dy) )
0 Iy|2 >t t
o0 O+sa th ‘l’
+ 2 w,(y) dy) )
3.4) </0 ( /Iylz“<t v t
1
<([7( [ rsproee Oy “ o,y 72 d Ty
=y : y Xiype= Iy My v,

1

* — & Otas —as -0 Y
L/ L I e YT pOIYIT=dy )

=1L +1.

For the integral 1, we apply Lemma 3.3 with
e (S1, 11) =((0,00), 9,
o (82, u2) = (G, |y|Q)
o K=Ki(t,y)=1""2 1" yppozss
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e p replaced by g,

o f replaced by f(y) = [y~ w, ().
It is not hard to verify that the assumptions of the lemma are satisfied with C = 2.
For instance, to verify Lemma 3.3(2) we need to show fSl |K(t, y)|du,(t) < C. To
see this we compute as follows:

* 1-3 as—2o dr as—2a b -
: |K (2, yldp (1) = L ST ez =D L 2dr
1

1 e s
Sy yPed=2)

2

1

1—

1

s
2

To see f € LI(S,, u») we notice that for |y| > 1, @p(y) < 2||fllz» and hence

3 1
Fml? < . L'(lyl > 1, u2).

Now for |y| < 1, since f € §(G) we have w,(y) S [y[IVafllzr. Thus
)19 S Iyl e L'yl < 1, o).

Applying Lemma 3.3 with these parameters leads to the estimate:

wp(y)? ‘
< P
) hN<GM@W®>‘

Similarly, in order to bound I, we use Lemma 3.3 with the same measure spaces,
the same function f, and

__ QO+as
K=Ky =t > |y|Q+aSX|y|2a5z-

Once again this yields

@7 | \a
(3.6) bs(GM@m_ﬂ.

Combining (3.5) and (3.6) we get
ou H )q dr a
otllr/ ¢t

”f”s,p,q = (/Ooo (l K

a)p(y)q T
< < o [y 2rase dy) = WHBgfq-

3.7)
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On the other hand, we have

t 0 0
fxy) —f(x) = lim / ( — _u(r,xy)+ _ u(r, x)) dr + u(t, xy) — u(t, x).
e—0 J, or or
Hence
o
w0) =2 [ [ 5 a0 ar+ e ) = ue 0l
But we know that
lu(t, xy) — ut, )l <y Veut, x)|l .

By the semigroup property u(z, -) = hq(5, -) * u(}, ) [48] and Proposition 3.2, we

getforanyi=1,...,my:
0 t o [t 1|0 [t
S ORD] B P GO0 | ML PTICRD]
Hat M\ o o' \2 M~ a2 )l

Since || X;u(z, -)||;~ — 0as t — oo, we obtain

3.8) | ¢ xuq, -)HU < ‘

Ll
0

Xu(t,x) = — / X;u(r, x)dr.
; Or

Sru(;’)‘

0
ar”(r’ .)HU’ dr.

Thus by (3.8)

dr
U7

o0 1
| X;u(t, )l 5/ roe
t

o0 1
s [

t

2

0 ©
u(r, x)H dr+ |y| 72
or L» 1/2

Therefore,

%wsf

So, if one takes 7 = |y|**, we have that

0
6ru(r’ X)HU’ dr.

1
q

Whm=(émT%wwﬂMﬂ®o

Iy 5 R y
s z, dr —“d
<é<£ ]| e 0, )UI Q
o l—as, ;!
(L
G \Jppe2

=L+

(-

= ”f”s,p,q-

AN

2 ute, | ch>q||—Qd >;
u(t, x
ot )93 Y Y

N

s;u(t’ X)HU)q (tlt):]
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Here we used Lemma 3.3 to get the last inequality. Indeed, we take

~ s a
— -3
f =t 6tu(t’x)HU’

(S1, u1) =0, 00), ‘it) and (S3, u2) = (G, l}d,l’é). For I, we consider the kernel

Ki(1,y) = |72 cpypoes
and for I, we consider the kernel
s_ 1 _
Kao(t,y) = 1272 [y "% ypmype 2

This completes the proof. g

4 Besov spaces via fractional poisson kernel

In this section we characterize Besov spaces B), ,(G) using the fractional Poisson
kernel. Recall [22, eq. 26] that for any 0 < a < 1 the fractional Poisson kernel
can be written as

o0 ,2
Palt, x) = Ca®® / 0=, 3 dr,
0

where C, = (4*T'(a))~'. From now on, we will let d denote the Dirac mass.
Proposition 4.1. Letn € Nand f € N*. Then

x| =@ if x| > 1,

1D pa(t, )| <
’ QB if x| < 1.

Proof. Using Theorem 2.9(2) it is easy to see that

Pa(At,0,(x)) = 2%, (t,x) foreveryr> 0, xe Gand 1 > 0.

Therefore, if t < |x| we get

Patt; )= Cpy (|61 ()) < X0 sup pulto, ).

0<tp<l1
[yl=1

t
|x]
Hence to estimate |p,(z, x)| for |x| > ¢ it is enough to show that

sup pa(tp,y) < o0.
0<th<l1
[yI=1
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Indeed, from the expression of p, and Theorem 2.9 (5) we have that

00 2
IPalio, ) < 2 / P06 ) dr
0

1 7 *© 3 _o
N l(%a (/ r~ e 4 dr + / e 3 dr)
0 1

<I+I1L

The integral /I can be easily bounded, indeed we have
* )
bi4 §/ rm D dr < 0.
1

For the integral I we have, by the change of variable s = ,
0

1

2 1 & 1
1< / 0 s~ ds < / sTH o4 ds < o0,
0 0

It follows that if # < |x|, then p,(z, x) < |x|~2. Similarly, for |x| < ¢, we get

Palt, x) = 17%p, (1,01 (x)) < 179 sup pa(1, ).
yl=

Therefore, the estimate follows, if one shows SUPy <1 Pa(l,y) < oco. Using [43,

Theorem 4] we can estimate

2

¥l | | 00 1 1 0
pa(l’)’)ﬁ / r +a)€_“’|y|_er+/ 0= =5 dp
0 IyP?

=I1+1L

By the strong decay of the exponential term, we have that
o0 0 1
II< / r~ e~ dr < oo.
0

In order to bound /, one can assume that |y| is small or else the bound is obvious.
For any N € N, there exists C = C(N) > 0 such that for |y| sufficiently small we
have

e~ < CrY forall r € (0, |y?).

Hence if we pick N > éQ + a, then

2

¥l
TS [ e g e,

This gives the desired result, leading to p,(t, x) < 2.
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Finally, from the homogeneity of 4 we have
DPpy(rt, 5,(x) = r= @V Dlp, (1, x).

The bounds then follow as in Proposition 3.2. (]

If one wants to consider also derivatives in ¢, the bound becomes a bit more
involved. We adopt the following notation: f <, g if 8iDPf < 0iDPg foralli < k
and |f] < n.

Lemma 4.2. Foralln, ke N, t € (0, 00) and x € G we have
t2a
D (ta -x) Sk, +2a *
’ RGO
Proof. We will write the proof for d;p,,; for higher derivatives the proof follows
the same strategy. From the formula defining p, we have that

o0 ,2 (o] t2
Opa(t,x) < 2471 / r~ Yo~ h(r, x) dr + 2% / r~ e~ w h(r, x) dr
0

“4.1) 0

=I+1I

. . o _ P ..
Let us focus on I. Using the estimate A(r, x) < r~2¢~ « and a substitution of
the form s = IXrIZ , we have

2 209y 120407 < 2a-1 > —(l+a) — ’22 -2 _1
@&+ 1x7) 2 15 x| 15t s e s 2e  ads,
0

for # < |x|. This last integral is uniformly bounded by [;* s~(+e+9) o= ds. which

S—(1+a+§)

is finite since the integrand at infinity behaves like and at zero it vanishes

at infinite order. Therefore,

t2a—1
I 5 O+2a *
(2 +|x]?) 2

Using the same method, we see that the second integral satisfies

t2a—1
II 5 O+2a *
(2 +[x]?) 2

Let r > |x|. From the homogeneity of /i, we have
Fpa(rt, 6,x) = r~ @0 kp, (2, x).

Therefore using exactly the same procedure as in the proof of Proposition 4.1, we
get

1
6tpa(t: )C) 5 lQ+l

and this proves our estimate. (|
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As in the previous section, given f € $(G) we will denote

(4.2) u(t, x) = (Pa *f)(t,X)=/Gpa(t,y)f(y_lx)dy=lgpa(t,xy_l)f(Y)dy

For the reverse inequality in Theorem 4.6 we need a non-degeneracy condition,
that is a Calderon-type formula. In the Euclidean setting one can make use of the
Fourier transform, but in a more abstract setting such as ours we need a different
tool. We took inspiration from [28] where a characterization of Besov spaces using
the Littlewood—Paley approach is proved. Since we are dealing with continuous
versions of the decomposition rather than the classical discrete one, we adopt the
following notation. Given y € L'(G), we denote by y, the function

wi(x) =19 p(i(x)) forallx e Gandr> 0.

Lemma 4.3. There exists y € L'(G) such that [ y =0 and

o dr  «
(4.3) / tw; % Opa (1) .= o in8(G).
0
Remark 4.4. Equation (4.3) is always to be interpreted to mean
. A - .,
“4.4) lim ty, * Opa(t) =0 ind'(G).
e—0,A—>00 [, t

More precisely, let K4 . = ng tw; * Opy (1) ‘ft € 8'(G), in the sense that

(Knosf)s = /G K (0)f ) dy.

The convergence K4 . — 0 in 8'(G) means that (K4 ., f)ss — (3,f)s = f(0) for
all f € 8(G). Now, if we set T4 . = Ks . * f, then by definition of convolution of
tempered distributions, we have for f(y) = f(xy~!) that

Tao(0) = (Kaoo fi)s's
for all x € G. Thus, by the convergence K4 . — o we have
Tae(x) = f(),
forallf € $(G) and all x € G.

Proof of Lemma 4.3:. Letusdenote by { E,} the spectral resolution of — A,
in L>(G). Let ¢ € C>~*([0, 00)) be as in [22, Proposition 4.1]. By [22, Theorem
4.4], for any u € L*(G) and t > 0 we have

l)(', t) = /Oo ¢(0t2ala)dE(l)u =u *pa('a t)
0
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where 0 = (2a)7?*. Moreover, by [22, Proof of Theorem 4.4], the following
formula holds:

o0
PO 1) = 2= D¢, j/2291/2 / D= tVi o= qr = H (W 21).
0

Here ¢, > O (for the precise expression see [22, Proposition 4.1]) and
H, : [0, c0) —» R denotes the continuous function defined as

o0
Hy(s) =27 D¢, g'/25" / @ D= om0 dr,
0

Therefore,
(4.5) U 10,py(-, 1) = / H,tV2)dE(A)u
0

where H,(s) = sH. ().
Now we want to find a continuous function G : [0, c0) — R such that

/ S RN CNES Ct” =1,
0

which is equivalent to
* ds
/ H,(s)G(s) =1.
0 N

Since H,(s) is continuous and not equal to the zero function, there exists an interval
I=1[%,2b] witha > 0, where |H,(s)| > 0 forall s € I. Let 5 be a smooth function
supported in [5, 2b], equals 1 on [a, b] and such that 0 < #(s) < 1 in /. For all
s € I we define

Gi(s) = n(s) gs(s).

Therefore,
0 ds 2b
| A6 = [ nisras.
0 s a/2

Hence it suffices to take
Gi(s)

S de

Define G : [0, 00) —> R by G(2) = G(v/2). Since G has compact support, then
using the results of Section 2.3, there exists K € L?*(G) such that for all u € $(G)

G(s) =

G(—Apu=ux*Kg.
For every ¢t > 0 we define G'(1) = GtV ), from (2.11) we get

Kg(x) = t_QKG(éi ).
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To conclude the proof it suffices to take y(x) = Kg(x) which gives y;(x) = K (x).
Indeed, by (4.5), for all u € L*(G)

A A o]
(4.6) / U x 18P, 1) C:t - / / A, (tv/2) dE(u Ct”.
e e 0

Taking u = f = y, we get

u=G'"(=Ap)f =/0 G(tvV'2) dE(LY.

Therefore, (4.6) implies
A dr A oo dr
| weapa s = [ [T BGvhG D apGy
00 A 5 dr
= / / Ha(t\//l)G(t\//l)t dEQVf.
0 3

Since, fFA H,(tvV )GV 2) ‘j’ — lasA — ocoand ¢ — 0, for all A > 0, we

have that
A

dr *©

lim ty; * Opu () * f = / dE(Vf =f.
A—00,6-0 J, t 0

Here the first equality follows from the fact that, for the spectral measure dFE,

one has

/ Fg() dER) = / FOYAEQ) / (1) dE(A)

for all bounded Borel functions f and g. The second equality follows from Fubini’s
theorem. One way to see this is to localize at given functions f and g, that is, in

</ab/ooo G(t, ) dE(L)f, g>L2 dr:/ab/ooo G(t, 2) dutyg(2) dt

and then use the classical Fubini theorem for the measures dus, and df since

the form

now the measures are real valued, not operator valued. The last convergence
statement follows again from the fact that if f,, converges pointwise to f, then the
corresponding operators converge in the weak *-topology, that is

</fn(l) dE(A)u, v > - </f(l) dE(A)u, v >
L2 12

forall u, v € L.
Finally, by [19, Theorem 1, Lemma 6], we have that || y||;: is finite. Moreover,
notice that G(s) = s>G»(s), where

n(s)

2b

Gy(s)= _ .
sH,(s) fa/Z n(t)de
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Notice that G, is well defined and smooth since it is supported away from 0. Setting
Go(1) = Go(v/2), we have that

G(—Ap) = —=ApGa(—Ay).
In particular, we have that
KG = — AbKGZ .

Therefore,
/(G l//(x)dx:/G—AbKGZ(x)dx=0. m

Remark 4.5. Notice that a similar construction can be also done for
t"(—=Ap)2p, for r € [0,2]. Namely, there for r € [0, 1], there exists y € L'(G),
with [y = 0 and [;° ty, * 1"(—Ap) pa()¥ = 5. Indeed the spectral multiplier
corresponding to (—Ap)2 P« can be written as (VAH)"H(\/A1). Hence one needs
to find G such that

o0
d
/ SH($)G(s) & = 1.
0 S
But then, using the same idea as before, we can pick

sl—r

Gi(s) = W(S)H(S)-

Another important remark is that if y is chosen as in the proof of Lemma 4.3, then
—Au(w) € L'. In particular, by real interpolation, we have

1 1
IVewle < vl Iyl SI=Awlp + 1wl
Hence Vgy € L'(G).

Theorem 4.6. Letf € S(G) and u be as in (4.2). Then for s € (0, 1) we have

- 4
( /O = NVeut, )l tt) ~ Il -

P9

Also, for s < 2o < 2,

(e

P9

1
0 gde\q
e ) )~ i

and for s € (0, 2),

o dr\ «
< /0 (71— Ap)ut, )l|)* f) ~ W,
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Proof. We begin with the proof of the first part. In this case, one inequality
is easy to prove but the opposite one needs another ingredient provided by Lemma
4.3. First, notice that the fact h(z, x) = h(z, —x) implies

/ Xh(r,x)dx=0 foralli=1,...,mandall r € (0, 00).
G
Hence using the explicit form of p, yields

/ Vepa(t, x)dx =0.
G

Next we have
Veu(r, x) = /G Vepalt, N(FGy) — () dy.
Therefore,

IVeull < /G IV epalt, Moy (y) dy,

where w,(y) = ||f(xy) — f(x)||z». Thus, by Proposition 4.1

1 Veully S tl_s/

[y|>1

V=@, () dy + / =@ 05, (y) dy.
Iyl <t

Again here, we use the same trick as in (3.4). Indeed, for the first integral we

take K(1,y) = Zpi-r )i~ on the spaces (0, +00), 1) and (G, ) and f(y) = 1.

For the second integral, we take K(z, y) = x|y <t~ ©*|y|2** with the same measure
spaces and function f. We then have

o an !
(/O ("I Veu(t, ) ) tt) S llg,

P9 '

This proves the first inequality.
For the reverse inequality, we first use Remark 4.5 to see that

*© 1 dr
1@ = [ =antpaene
Hence, using Young’s inequality for convolutions in the first inequality,
IfCxy) = fColl 2
*© 1 dr
< /0 ) =yl (= Al
*© 1 dr
4.7) 5/0 Xzl (= Ap)2ull ;
*© 1 dr
# [l aulubli-antal |

1

00 1 dr & dr
S A A=yl 1 (=Ap)2ull  t A X< IVewllp Iyl (=Ap)2ull ;e
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Since w and Vg € L'(G) (see Remark 4.5), we have

*© 1 dr o0 1 dr
wp(y) S A Xzt (= Ap)2ull 1 ;T A X<t YII(=Ap)2ull1y .

> dr o0 dr
S/o Xy=t I Veullr / +/0 X<V Veul .

Here, we used in the second inequality the continuity of the Riesz transform from
L? to I” which gives ||(—Ab)él/l||u) < IVgullrr (see [9]). Hence,

wp<y>qdy>é<</</°°t dr\? dy ¢
< <l Veull
(/@,< |y|s) ly|2 e o =iV etie ) e
1
< |yl dr>" dy)v
+ i IVeu
</¢;</o s ZzpiVeul ) o
00 1 9 dt y
(4.8) < (/ 11|V u||‘f,(/ d ) )
0 e izt [Y19*S V) 1
B 1 9 dt ‘
([ ([, et )
<~/0 R i< [y]€=1=9 V) 4
1
o dr «
5( / [ Veullp)? )
0 t

using the same trick of Lemma 3.3. Let us now move to the second equivalence.
We will prove the direct inequality and the reverse one works exactly as in the
previous setting. The main difference in this second equivalence is the fact that
J 0wpa(t, y)dy # 0 so we need to do a few more manipulations in order to have a
similar setting as before. First recall from [22] that p,, satisfies the equation

ot op) + 1172 Appy =0 fort > 0.

Hence, we have

/ A 2%6,p )1, y) dy = 0.
G
Thus,
12 Bu(t, x) = / 123, pat, V) (ry) dy
G
4.9) - /G / O(r 8, pa) (1, Y)(F () — F(x)) drdy

- / / 172 Ay V(Fey) — £00) drdy.
G Jt



28 A. MAALAOUI A. PINAMONTI AND G. SPEIGHT

It follows then that
o0
ﬂ%MMWSA/I*WMm@M%®W®
t

5/ /z*%m%mm%wmw
(4.10) Iyl<t Jt

+/|/f*MMmmm%@mw
y|>t Jt
=1+1I.

We first estimate /. Using the fact that |y| < ¢, we have from Lemma 4.2, that

1
1—2a
r | Appa(r, VI S FO+142a "

Thus,
1

00 dr e’} 1 ‘Idt
2a—s7119 <
/0 = N/o [/GX'y'<’tQ+Sw"(y)dy 1

We use then Lemma 3.3 with the same measure spaces as before, for the kernel

K(t,3) = gyt s and f(y) = |7, This leads to

o o dr\
(/[WIV) <Vl -
0 l’ P-q

‘We move now to the second term. Indeed, we have

In particular,

[yl
Hsflér*%m%mw%@mw
(4.11) i>t

+/“/ P24 A ypa(r, )lop(y) drdy.
yI>1 Jyl

Now using again Lemma 4.2, we have that, for r < |y|,

_— r1—2a
r T Appa(n Y S :
’ [y|e+?

Therefore, since a < 1, we have

¥l
1-2a <
A’ AP NS g,
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Similarly, when r > |y|, using Lemma 4.2, we have

o0 o0 r2a
/ P24 Aypa(r ) dr < / pi=2a pons 7
Iyl Iyl > +y» >
o
(4.12) < /Iy oaun 97
1
~ |y|Q+2a'

Thus, we have
200—s

20—s
fa SII,S/GXIyI>t|y|Q+2aa)p(y)dy.

We use now Lemma 3.3 with the same measure spaces as before and p = ¢, for

K(t,y) = x> |;2|2__ and f(y) = a;’)l@) Keeping in mind that the assumptions of

Lemma 3.3 hold when 2a > s, we have

1
© o dr\s
( /0 [ mqt) < Wy,

Therefore, we conclude that

s dr\ ¢
</O [r' ||atu||1f]qt) S W sy, -

The proof of the last equivalence, is exactly similar to the first one, hence we omit
it. O
5 Square function and BMO bounds

5.1 Square function bounds. The following square function bounds us-
ing the Sobolev norm will be useful later in the applications.

Theorem 5.1. Letf € S(G) and 1 < p < oo. Then:
For —Q < s < 1 we have

00 dr\ 2 .
H(/ [t~ |Veu(t, x)|1* t) H S I=Ap)2f .
0 t j7)

For s < 2a we have

00 o dr 2 .
’(/0 [r“ﬂatu(r,x)n2 tt) HU§||(—Ab>zf||U.

For —Q < s < 2 we have

o0 d é K
( / [~ |VEu(t, x)|1° t) H SN=Ap)2fllir.
0 t j7)
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In order to proceed with the proof of Theorem 5.1, we first need to recall a few
important properties of square functions. For further details, we refer the reader to
[26, 45].

Let ¢ € 8(G) be such that fG ¢ dx =0 and ¢,(x) = 1~ 2¢(51x). Then we define
the square functions t

1
2

5.1 WA :=( - , —0-19q d)
5.1) o= ([ [ e aoPr
where f > 0 and

" > , dr 2
(5.2) 24 () .-( /O I t) .

In [26], the authors proved the I” boundedness of these operators. More precisely,
they show that for0 < p < oo, g4 and Sg are bounded from the Hardy space H”(G)

to LP(G). From now on, we will write Sy for Sg. In order to use this result, we need
to relax the assumption ¢ € 8(G). We will need these bounds for some specific
functions ¢ which are not in 8(G).

Proposition 5.2. Let s > —1 and ¢p(x) = Vg(—Ap)2p.(1, x) which implies
the formula ¢,(x) = z‘l”VG(—Ab);pa(t, x). Then the function KS defined by

b dr
b = ES
K0 = / be i)

converges as a — 0 and b — oo to a function K in 8'(G) that is smooth on G \ {0}
and homogeneous of degree —Q around zero.

Proof. The formula ¢,(x) = Ve (—Ap)2 Pu(t, x) follows from the homo-
geneity of p,. Next notice that p, * p,(t, x) =t %p, * p,(1, 1)- Indeed, this follows
from the property that f; * g, = (f * g),. Here the convolution is only on the x
variable, while the scaling is in the 7 variable. Now notice that

b
K() = / £925(Z A )™ (o % po)(t, x) .

But then one can see, using Proposition 4.1 and an interpolation inequality of the
form

1 0 2 11-0
I(=Ap) T ullr=@) S 1 AUl 70 I(=A) " ull )

with Q = {R < |x| < 2R}, that

|x|—(Q+2s+2) ift < |x|’

—A s+1 * <
I( )" Pa *Pal S (—(0+2542) if |x| < ¢
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Therefore, for |x| > O,
(= Ap) ™ pa % palt, x) = OGP)

near zero and t"*25(—Ap)**p, * p,(t,x) = O(t~27!) near co. Thus, as long as
1 +2s > —1, the integral converges absolutely to a smooth function on G \ {0}.
Moreover, if we let K = lim, 05500 K2, we have that K(rx) = r~2K(x) which
finishes the proof. (]

One also has the same result for

1Ve(=Ap)2p,  ifs> —1,

1" (—=Ap)2 S pa if s > —2a,
PH(—=A) (= App, if s> =2,
PHVG(—Ap)2 Spy  ifs > —1 —2a.

(5.3) ¢ =

Recall the square functions g4 and S;S = Sy defined in (5.1) and (5.2).

Proposition 5.3. Let ¢, be defined as in (5.3). Then Sy and g4 are bounded
from I[P to I?, for 1 < p < oo.

Proof. We will follow here the proof in [26] for the case ¢ € S(G) and we will
present it for ¢, as in Proposition 5.2 since the proof is similar for the remaining
functions in (5.3). Indeed, one first proves the L? bound, that is

et = [ [ repures

(5.4)
- /G £ KQF) dx < 1K s fll 2 1l 2-

But, from Proposition 3.2, K is a kernel of type (0, 2), thus we have that

IK * fllz S W llee-

Therefore
lggll S Ifllee-

We define the space X = L?((0, 0o), ‘ft ) and the X-valued distribution ® defined
forf € 8(G) by

(@.f)(1) = /G FO00) d.

We claim that this distribution is well defined. Indeed, we have

(@O < o Il IflL
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Next, we notice that since | ¢ = 0 we have that

(D, f)(0)] < /G (1) — FO) ) dx.

Since f € 8(G) we see that

=

<<D,f>(t)‘
t

is bounded near zero, therefore (®,f) € L?((0, 00), ‘:’). Hence, gq4f(x) is well
defined and

ggf(x) = |If * @lix.

And so far we have proved that g4 is bounded from L? to L. Moreover, if we look
at ®(x)(¢) = ¢,(x) we have that

8 2 % s el s , dr
IDPOW)|3 = /O I DP (= A ) pa(t, )]

~

J2x] [e%e]

< / tl+25|x|—2(Q+ﬁ+s+l) dl‘+/ tl+2st—2(Q+ﬁ+l+s) dr
0 x|

S |x|—2(Q+ﬁ)_

Hence © is an X-valued kernel of type (O, r) for al » > 0 which leads to the
boundedness of f * @ from L to L for 1 < p < co. Thus

liggfllr < I llr-
A similar bound holds for the operator Sg . U

Proof of Theorem 5.1. The proof of Theorem 5.1 now is a straightforward
consequence of Proposition 5.3. First, we write

1V gu(t, x) = 1" Vepy * f = 17V (—=Ap) T2 py * (—Ap)2f.

Applying Proposition 5.3, we have the desired result for s < 1. g

5.2 BMO bounds. Next we provide some equivalent characterizations of
the BMO norm that will be useful in the coming applications. First, given a
function f € L}, (G) and B a ball in G, we define

mp =

1B] /f(")dx

Let B be the collection of all the balls in G. A function f is said to be in BMO if

[f1smo = lBl/[f(x) mg| dx < oo.
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We recall next the characterization of the BMO norm using the Carleson measure.
If we denote
T(B,(x0)) = {(t,x) e R* x G : |x5'x| < r—1},

then we have the following proposition [45].

Proposition 5.4. Let f € $(G) and ¢ € S(G) be such that fG P(x)dx = 0.
Then

1 drdx
sup If * &1 < Flamo-

ges Bl Jrw) z

If we assume the existence of y € 8(G), with [ wdx =0 and [;° ¢ * y: & = b,
then

1 drdx
wn (] s
gen \|B| Jr®) t

From the equivalence stated above, one gets the following proposition.

)2 ~ [flsmo-

Proposition 5.5. Let f € 8(G). Then for ¢, defined in (5.3), we have

[f1Bmo ~ sup

1
dr) 2
el )
BeB(lBl 7(B) "oy

From the previous proposition we get in particular

1 dr\ 2
[fIsmo ~ sup ( / [tV gu(t, x)|? )
Be® \IB| Jrw) t

1

1 dr\ 2
%sup( / | Agu(t, x)|? )
gen \|B| Jr®) 4

1 d 2 dr\ 2
/2 sup ‘t u(t, x)‘ s
Bes \IB| Jrw ! Ot t

and in the fractional setting

1
1 s dt 2
BMO & sup ( / [2°(— Ap)2u(t, x)|2 )
pew \|Bl Jrp) !

1 dr\ 2
A sup < / [t Ve (—Ap)2u(t, x)|* > .
|Bl| Jr) t

BeB

(5.5)

We finish now by recalling the following duality result between the Carleson

measure and the square function [45].



34 A. MAALAOUI A. PINAMONTI AND G. SPEIGHT

Lemma 5.6. Let G, F : R* x G — R be two functions. Then

o0 dr
// F(t,x)G(t,x) dx
G JO t
1 dr \: :
<su ( / \F(t, ) d) /(/ 1G(t, )P ) dr,
Beg |B| Jre) A G \Jpy-tx<t Y Q“

whenever the right-hand side is finite.

Corollary 5.7. Let G : R* x G — R such that

|G(z, )| d > dx < o0.
~/G <~/|y‘x|<t Y Q+1 Y
Then

/ / & utt,0) 60,0 Y dx 5 lowo /G < /|y L, loenr o d )édx.

This inequality still holds if we replace t g;u(t, x) by any one of:
o tVgu(t, x),

o 2 Ayu(t, x),

o 1'(—Ap)2u(t, x),

o t1V(—Ap)2u(t, x).

6 Applications

Before starting this section we recall some relevant maximal function bounds.
Given a function ¢: G — R satisfying the growth condition

DO Ly

for a given 4 > 0, one can define the two maximal functions
VG = sup(f = $)0)
>

and
Mg (x) = sup{[f * ¢l : Iyl < 1,0 < < oo}.
With these definitions, one has the following theorem [26].

Theorem 6.1. For A > Q, Mg and My are bounded from LP(G) to L’(G)
for p > 1 and from L'(G) to weak L' (G).

In this section, if f e 8(G) we will write F, = f = p,. We also use the
notation V = Vg @ ¢ 5 defined by Vu = (Vgu, ‘2’:) In what follows, we will
write M and M instead of M, and MY, since the function ¢ will be different
depending on the situation.
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6.1 Integral inequalities.

Theorem 6.2. Letf, g, h € 8(G) and 1 < py, p2, p3 < 00 such that

1 1 1
+ + =1.
p1 P2 p3

Then:
(1) Forsi,s, € (0,min{1,2a}) and Q > s3 > 0O,

- - dxdr
/ P T F, |V Gy |||
R*xG t

SN=Ap) 2 fllin 1(=Ap) 2 gl Msshll s

(2) For s; € (0,min{ 1, 2a}) and Q > s3, 52 > 0,
_ ~ ~ dxdr s
/R Gtz SV |V Gl |Hy | ; SIC=2p) 2 fllr gl sy Pl s
S

(3) For sy € (0, min{ 1 + 2a, 2}), s, € (0, min{ 1, 2a}) and 0 < s3 < Q,

dx dt
t

S I=20) 2 Fllr 1= D) * gl s, hll s

/ t3_sl+sz+33|vGﬁFa||ﬁGa”Hal
R*xG

Here 1, is the fractional integration of order a, that is l,u = (—Ap)2u.

Proof. We will present the proof of (1). The proofs of (2) and (3) follow the
same idea. We will apply the result of Theorem 6.1 for ¢, = #*(—Ap)2p,. Indeed,

we have that |

A PN S (o

Hence, we have by definition of Mg that

sup'|Hy| = sup |£5(— Ap) 2 pa * If | = MGUS).

t>0 t>
Hence,

dxdz

o0
/ / P55 [, |G | |
G Jo t

> ~ - dr
< | MY, h) V™2 |VG, | dx.
G P 0 14

The result then follows from Holder’s inequality and Theorem 5.1. g
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Theorem 6.3. Letf, g, h € 8(G), and ; + ; =1with1 < p < oco. Then for
s €(0,1),

. o e dxdr ; ;
/R Gr““ |IVH,||VeVF,||IVG,| - S vl (=An) Fllw (= A gllus,
and for s < 2a we have

/ >~ |VH,|
RtxG

Proof. Let us again start by proving the first claim. Indeed, using Corollary
5.7 we have that

t s
S [Alsmoll(=Ap)2f Iy lIgll za-

dxd
FallGal

0
ot

) o dxdr
/ t2+2(l—3)|v[—[a||VGvFa||vGa|
R*xG t

o < thlavo | ( /|y lxlg(r‘”“—”wgwa||?Ga|>2t§f1>2 dx
< [hlsmo /G M((—=Ap))D)SH(—Ap)? g)(x) dx
< [hlemoll (= A2 fll 1(— Ap)2 gl o
A similar proof holds for the second claim. ([l

6.2 Three-term commutator. Let u,v € S(G). Then we define the
three-term commutator 3, (u, v) by

Ho(u,v) := (—Ap)*(uv) — u(—Ap)*o — o(—Ap)%u.

This commutator was studied in the Euclidean setting in [35, 44] and in the case of
Carnot groups in [36]. We want also to point out that one can obtain easy bounds
for this commutator in Besov spaces. Indeed

Proposition 6.4. Let a € (0, 1), assume that 1 =1+ 1 and qll + =1 We

P P2 @
let 51, 52 > 0 so that s; + 5, = 2a. Then we have

1HaC )l S Nl 0l -

Proof. The proof follows directly from the pointwise expression of the com-
mutator. Using

(—Ap) ulx) = /G ((x) — u(y)R(xy~ ") dy,
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we can write, as in [36],

Ho(u, v)(x) = / [u(xy) — u()1[0(xy) — () 1R(y) dy.

Since R, ~ |y|=272*, we have for ! = l o+, 1= ql1 +q]2

_ - d 1
190 )l < < / < / [u(xy) u()i)y]l[zz;(xy) ()] IylyQ > dx)

[u(xy) — u(0)1[o(xy) — 0]\ 7 ) r dy
< dx
~ /G </@ ( [y]?* ) ly|€

1 dy
s [s |y|2e lu(xy) — u@)|l 1 lo@xy) — 0(xX) || 2 [y|¢

N ||M||1_L';',“,IMl ||D||B',“,22,q2- O

and 2a = 51 + $7:

The case of L spaces is a little bit more difficult and technical as in [36]. We
will see here that for some range of a, we can obtain a relatively simple proof of
some of these bounds and in fact extend the range of the estimates proved in [36]
to include a BMO-type estimate.

6.2.1 [’-type estimates.
Theorem 6.5. Let a € (0, ;]. Then one has

| Ho(u, 0)lr S I(=Ap)*ullr[v Iemo-

1
P1

1Hau, )y S N(=Ap)" ullr [(=Ap) 0l 12

Moreover, for o = a + ay with ay, 0, € (0.5) and;7 =+ plz, one has

Proof. We will start first by proving the second claim. We let 4 € L7, and we
propose to estimate [ H,(u, v)h dx. Using the fact that

0
: 1-2a _ _ a
}1_% (t o U,(t, x)) = co(—Ap)*u(x)
and that

0 1—20ca _ 1-2a
ar(t &Ua)_ =2 A, U,

we have that

‘/J{a(u,v)hdx‘ ~ ‘// o[ ?**wu,v,e,H, — U,H,6,V, — V,H,0,U)] dtdx‘
G G Jo

= ‘ / 172126,U,6,Vy, + VeV, VeU,H, dxdz
GxR+

- - dxdr
s/ P2 UVl i) .
GxR+
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Now using Theorem 6.2, we have that

‘/Gﬂfa(u,v)th‘ S =20 ullp I(=Ap) 20l 1Al -

Notice that this also provides the proof of the first claim for a < é using Theo-

rem 6.3. It remains thus to treat the case a = ; In this case, we have after another
integration by parts

‘/ Ho(u, v)h dx‘ & ‘/ [20,U,06,Vy +VV,VqU,]H, dxdt
G GxR*

0
:‘/ t [2o,U,06;,Vy +VV,VeU,)H,]dxdt
GxR+ Of
5/ VULV VLIVH, | + [V V,|[VV U, H,|] dx dt.
GxR*

Next, writing 7> = #t°t for the first term and > = 112722 we get

[ 3t oo dx‘ S I Tomollll (=40 ullur. -

6.2.2 Riviere—Da Lio three-term commutator.

Theorem 6.6. If2a < 1 we have
(= Ap)* Heo(u, )|l S N(—=Ap) ullpr || (—Ap) ull

Proof. Here we will use the duality between H' and BMO (see [26]).
Case 20 < 1. Let h € 8(G) and g = (—Ap)*h. Then we have

' /G %aw,v)gdx‘: ‘ /G uu(—Ab)“g—ug(—Aw“u—vg(—Aw“udx‘
- ‘ / AU Va0,Ga — UsGadiVs — VaGadiUy)) drdx‘
GxR*
</ 12V U, [V e VallGal dr dx
GxR+

~

+/ tl_z"[atUaa,VaGa]dtdx‘.
GxR+

We write the first term as t1_2“|V¢;,Ua|t1_2“|VGVa|t2“|Ga|1 to get, using Theo-
rem 6.3, an estimate of the form

/G . 1 VeUal IV VallGel ddx < [glemoll (= Ap) ull o [|(= Ap)*0 ]l a.
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The second term is a little more involved as in the proof of Theorem 6.5: an extra
integration by parts is needed. Indeed,

1
/ t‘—za[a,Uaa,VaGa]=2/ 740, (1' 0, Uqt' 720,V G,) dr dx
GxR O JGxR*

-1
= / 272 (ApUL0,V, Gy + AV, Uy G, di dx
20{ G xR+

1
+
2a

-1
/ 272 (ApUL0,V,Gy + AV, Uy G, di dx
20{ G xR+

/ 272%9,U,06,V,6,G,, dt dx
GxR+

1
+ / 0,(t'72*6,U,1' 726,V 72*8,G,,) dx dr.
8a GxR+

Now the first two terms can be easily bounded by the desired quantity. It remains
to bound the last one:

/ 0,1 72*0,U, 1 =26,V 72 6,G,,) dx dr

GxR+

= —/ £ [(A,,Uaa,va + AV, 0,U)0,G,
GxR*

— (& VeU, 8V, + a,vaaa,Ua)vGGa} dr dx.

Again all the terms here have the right form of Theorems 6.2 and 6.3 and they
provide the desired bound.
Case 20 = 1. In this case, we have

/J-Cl(u,v)gdx
G 2

= / WUV (—=A)H: —3,U,\ V1 6,H, —6,V1U16;H1)dtdx}
GXR+ 2 2 2 2 2 2 2 2 2

= / t0,((Ui1 Vi) (—Ap)H: — (U1V1),,61H1)dtdx‘
GxR* 2 2 2 2 2 2

:/ za,(A”b(Ulvl)a,Hl)dzdx‘
GxR* 22 2

=2

/ ta,(?UﬁvlatHl)dzdx‘

GxR* 2 2 2

< / 110,(VU V'V )||6,H )| dr dx
GxR* 2 2 2

+/ 1IVe(VU  VV)||VeH: | dtdx,
GxR* 2 2 2

where here A, = A, + 8, and we used the harmonicity of the extension. Notice
here that we can finish the proof as in the previous case. (]



40 A. MAALAOUI A. PINAMONTI AND G. SPEIGHT

Note that one can also capture the (L7, LY) — L’-type estimates in [36] by
slightly modifying the proof and using the 7 estimates for the Riesz potential.

6.3 Chanillo-type commutator. We recall here the commutator estimate
proved by Chanillo [18]:

I, v Tully S llullzalv Iemo-

Notice that
[, v Ju = I;(uv) — vl (u).

Therefore, if we set u = (—Ap)2a, we have
[ =antar o= [ vi=ania=a=apinds
So we propose to estimate an integral of the form
/&;u [(—Ap)2u — u(—Ap)2h] dx.

Theorem 6.7. For !l) + l - é =1, we have

‘/G” [(—Ap)2u— u(—Ab)z"h]dx‘ S To Ismoll(=Ap)2ullr I (= Ap)2 Al
Proof. Again, we use the same trick, that is we write
‘ / o [h(=Ap)iu— u(—Abﬁh]dx‘
G

A ‘/ &' (@U;sH; — ,H; U;)V;]dtdx‘
GxR*

<

~

/ II_S(VGUEHé —VGU;HE)VGVE dtdx‘
GxR*

+

/ '8, UsH; — 0,UsH3)o,Vs dtdx‘.
GxR*
Using Theorem 6.3, we have that

‘ / II_S(VGU‘Z"HQ — V(G,UQH%)VGVQ dldX‘
GxR*

< [0 Ismoll(—Ap)2 ull |7l 2o
< [ Iemoll(=Ap)2ullp (= Ap)2 ki1
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where the second inequality follows from the Sobolev embeddings with i = (II + é
The second term, on the other hand, cannot be bounded directly since we are in

the case s = 2a. That is why we perform another integration by parts:

GxR*

1
/ ro(t' (O UsHy — Us8,H;)t' ™8,V ) drdx

S JGxR+

1

N

/ —l‘z_s(AbUngz\' — U% AbH;)atV;
GxR+

(6.2) "
—t S(a;U;H; — UéatHé)AbV% drdx

—/ P (AUsH; — Us AyH; )3,V
GxR*

+ tz_s(atv(@, U; H; + 6tU§ V(gH; )V(gV;
— IZ_S(VG U% a,H.Z\- - U% 6IVGH; )VGV§ drdx.

The first term can be bounded easily as in Theorem 6.6. For the last two terms, we
also have the right bound since s < 1 +2a =1+s. (|
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